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AnHoTAnusA. This is a review of results on the structure of the homogeneous ind-varieties G/P of
the ind-groups G = GLw(C), SLoo(C), SO (C), Sp..(C), subject to the condition that G/P is a
inductive limit of compact homogeneous spaces Gr/Py. In this case the subgroup P C G is a splitting
parabolic subgroup of G, and the ind-variety G/P admits a “flag realization”. Instead of ordinary
flags, one considers generalized flags which are, generally infinite, chains C of subspaces in the natural
representation V' of G which satisfy a certain condition: roughly speaking, for each nonzero vector v
of V' there must be a largest space in C which does not contain v, and a smallest space in C which
contains v.

We start with a review of the construction of the ind-varieties of generalized flags, and then
show that these ind-varieties are homogeneous ind-spaces of the form G/P for splitting parabolic
ind-subgroups P C G. We also briefly review the characterization of more general, i.e. non-splitting,
parabolic ind-subgroups in terms of generalized flags. In the special case of an ind-grassmannian X, we
give a purely algebraic-geometric construction of X. Further topics discussed are the Bott—Borel-Weil
Theorem for ind-varieties of generalized flags, finite-rank vector bundles on ind-varieties of generalized
flags, the theory of Schubert decomposition of G/P for arbitrary splitting parabolic ind-subgroups
P C G, as well as the orbits of real forms on G/P for G = SLs(C).
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1. INTRODUCTION

Flag varieties play a fundamental role in geometry. Projective spaces and grassmannians go back
to the roots of modern geometry and appear in almost every aspect of global geometric studies. Full
flag varieties (varieties of maximal flags) also play a significant role in geometry in general, but are
most often associated with geometric representation theory. This is because they are universal compact
homogeneous spaces of the group GL,(C), and almost any branch of the representation theory of an
algebraic group G has deep results connected with the geometry of the flag variety G/B. The Bott—
Borel-Weil Theorem is a basic example in this direction. Another example is Beilinson—Bernstein’s
Localization Theorem, and there is a long list of further striking results.

When one thinks what an “infinite-dimensional flag variety” should be, one realizes that there are
many possibilities. One option is to study the homogeneous ind-spaces G/B for Kac-Moody groups
G. These ind-varieties play a prominent role in representation theory and geometry since 1980’s, see
for instance |[Ma], [PS] and [Ku].

There is another option which we consider in the present paper. Our main topic are homogeneous
ind-spaces of the locally linear ind-groups GLoo(C), SLoo(C), SOs(C) and Sp..(C). These “infinite-
dimensional flag varieties” are smooth locally projective ind-varieties (in particular, ind-schemes), and
their points are certain chains of subspaces in a given countable-dimensional complex vector space V =2
C®°. Moreover, our “infinite-dimensional flag ind-varieties” are exhausted by of usual finite-dimensional
flag varieties. What is not obvious is which type of chains of subspaces in V' one has to consider so
that there is a bijection between such chains and Borel (or, more generally, parabolic) subgroups of the
group GL(C). The answer to this question, obtained in [DP1], leads to the definition of a generalized
flag.

A generalized flag is a chain F of subspaces which satisfies the condition that every vector v € V
determines a unique pair F), C F” of subspaces from JF so that F) is the immediate predecessor of
F! and v € F)/\ F) (the precise definition see in Subsection 2.2). What is important is that it is not
required that every space F' € F have an immediate predecessor and immediate successor; instead it is
required that only an immediate predecessor or an immediate successor exist. The appearance of these
somewhat complicated linear orders on the chains JF is of course related with the fact that the Borel
subgroups of GLs(C) containing a fixed splitting maximal torus are in one-to-one correspondence with
arbitrary linear orders on a countable set [DP3].

Another way of seeing how generalized flags appear is by trying to extend to infinity a finite flag
in a finite-dimensional space by the following infinite process: at each stage one adds another flag to
a part of the flag obtained at the previous stage so that every time the length of the flag grows up at
most by one. The variety of choices for the places where the finite flags spread to become longer leads
to the fact that the output of this procedure is a generalized flag; the precise mathematical expression
of this “spreading procedure” is given by formula (4) in Subsection 2.2.

As aresult, we arrive to a nice characterization of the ind-varieties of generalized flags as ind-varieties
exhausted by usual flag varieties. We need to mention also the issue of commensurability of generalized
flags: two points on the same ind-variety of generalized flags correspond to generalized flags which



are “close to each other”, i.e., E-commensurable in technical terms, see Subsection 2.2. The idea of
commensurability goes back to A. Pressley and G. Segal.

We believe that the interplay between the ind-varieties of generalized flags and the representation
theory of the ind-groups GLuo(C), SL(C), SOs(C), Sps(C) will be at least as rich as in the finite-
dimensional case. However, both theories are very far from having reached the maturity of the finite-
dimensional theory, so a great deal of work lies ahead. Our moderate goal is to provide a first survey
on results which should serve as an invitation for further research.

A brief description of the contents of the paper is as follows. In Section 2 we give the definitions of and
ind-variety and an ind-group and consider our main examples of ind-groups. We define generalized flags
(and isotropic generalized flags) and show that the generalized flags which are E-commensurable to a
given generalized flag F form an ind-variety. In Section 3 we show that ind-grassmannians can be defined
in a purely algebraic-geometric terms as inductive limits of linear embeddings of finite-dimensional
grassmannians. In Section 4 we discuss Cartan, Borel and parabolic subgroups of classical ind-groups
and show that ind-varieties of generalized flags are homogeneous spaces G/P where G = GL4, SLoo(C)
(or G = SO (C), Spy(C) in the case of isotropic generalized flags) and P is a splitting parabolic ind-
subgroup. We also briefly discuss general, i.e. non-splitting, Borel and parabolic subgroups.

In Section 5 we provide the Bruhat decomposition of a classical ind-group as well as the Schubert
decomposition of its ind-varieties of generalized flags. In particular, we present a criterion for the
smoothness of a Schubert subvariety. Section 6 is devoted to a generalization of the Bott—Borel-Weil
theorem and the Barth—Van de Ven—Tyurin—Sato theorem to the case of generalized flags. Finally, in
Section 7 we extend well-known results of J.A. Wolf on orbits of real forms of semisimple Lie groups
to ind-varieties of generalized flags for G = SL(C).
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Basic Research through grants no. 14-01-97017 and 16-01-00154, and by the Ministry of Science and
Education of the Russian Federation, project no. 204. A part of this work was done during the stay
of the first author at Jacobs University Bremen, and the first author thanks this institution for its
hospitality. Both authors have been supported in part by DFG grant no. PE 980/6-1.

2.  DEFINITIONS AND EXAMPLES
In this section we give precise definitions, provide the main examples needed for the sequel, and

establish some first properties of generalized flags. The material below is taken from [DP1] and [FP1].

2.1. Ind-varieties and ind-groups. All varieties and algebraic groups are defined over the field of
complex numbers C.

Definition 2.1. An ind-variety is the inductive limit X = @Xn of a chain of morphisms of
algebraic varieties

X138 X B .7 X, 5 X, T (1)

Obviously, the inductive limit of a chain (1) does not change if we replace the sequence {X,,},>1 by
a subsequence {X;, }n>1, and the morphisms ¢, by the compositions

4107:71 = Soin-kl*l ©...0 gpln‘i’l © gpin‘

Let Y be a second ind-variety obtained as the inductive limit of a chain

ViBy, B sy, Yy, e

A morphism of ind-varieties f: X — Y is a map from li%an to @Yn induced by a collection of
morphisms of algebraic varieties

{fn: X, = Yvin}nQI
such that
Vi, © fn = far10©n



for all n > 1. The identity morphism idx is a morphism that induces the identity map X — X. As
usual, a morphism f: X — Y is called an isomorphism if there exists a morphism g: ¥ — X such
that

fog=idy, go f =idx.

Any ind-variety X is endowed with a topology by declaring a subset U C X open if its inverse
image by the natural map X, — lian is open for all m. Clearly, any open (or also closed or locally
closed) subset Z of X has a structure of ind-variety induced by the ind-variety structure on X. We call
Z an ind-subvariety of X. In what follows we only consider chains (1) where the morphisms ¢,, are
embeddings, so that we can write X = (J,,; Xy. Then the sequence {X,},>1 is called an ezvhaustion
of the ind-variety X.

Next, we introduce the notion of a smooth point of an ind-variety. Let z € X, so that x € X,, for n
large enough. Let m,, , C Ox, , be the maximal ideal of the localization at x of Oy, . For each k > 1

there is an epimorphism

k+1
n,xT *

Ank: Sk(mn,w/mfi,m) - ml:L,:v/m
Note that the point x is smooth in X, if and only if o, is an isomorphism for all k. By taking the
projective limit, we obtain a map
G = lim o Jim S (my e /m2 ) — lmmb, /mbE,
which is an epimorphism for all k. We say that x is a smooth point of X if &y, is an isomorphism for
all k. We say that x is a singular point otherwise. The notion of smoothness of a point is independent
of the choice of exhaustion {X,},>1 of X. We say that the ind-variety X is smooth if every point

z € X is smooth.

Example 2.2. i) Suppose that each variety X,, in the chain (1) is an affine space, every image
©n(Xy) is an affine subspace of X, 11, and

lim dim X,, = oc.
n—o0

Then, up to isomorphism,
X = lim X, is independent of the choice of {X,,, vp, }n>1 with these properties. We write X = A* and
call it the infinite-dimensional affine space. In particular, A*° admits the exhaustion

A® = A"
n>1
where A" stands for the n-dimensional affine space. Clearly, A* is a smooth ind-variety.
ii) Now, suppose that each X, is a projective space, every image ¢, (X,,) is a projective subspace of
Xn+17 and

lim dim X,, = oc.
n—oo

Then X = lian is independent of the choice of {X,,, ¢, }n>1 with these properties. We write
X=P>=[JP"

n=1

and call it the infinite-dimensional projective space. It is also a smooth ind-variety.

In general, an ind-group is a group object in the category of ind-varieties. However, in this paper
we consider only locally linear algebraic ind-groups.

Definition 2.3. A locally linear algebraic ind-group is an ind-variety G = |J G,, such that all G,
are linear algebraic groups and the embeddings are group homomorphisms. In what follows we write
ind-group for brevity. Clearly, G is a group. By an ind-subgroup of G we understand a closed subgroup
of G. A morphism of ind-groups f: G — H is a group homomorphism which is also a morphism of
ind-varieties.

We now introduce some ind-groups which play a central role in this review. The notation of the
following example will be used throughout the paper.



Example 2.4. i) Denote by V a countable-dimensional complex vector space with fixed basis E.
We fix an order on E via the ordered set Z~, i.e.,

E= {61, €2, .. }
Let V, denote the span of the dual system
E* ={e], €5, ...}

By definition, the finitary general linear group GL(V,E) is the group of invertible C-linear
transformations on V' that keep fixed all but finitely many elements of E. It is not difficult, but
important, to verify that GL(V, E') depends only on the pair (V, V,) and not on E. We say that a basis
E' of V is G-eligible if
G(V,E)=G(V,E).
Next, it is clear that any operator from GL(V, E) has a well-defined determinant. By SL(V, E) we
denote the subgroup of GL(V, E) of all operators with determinant 1. We call this subgroup the
finitary special linear group.
Next, let us express the basis E as a union

E:UEn

of nested finite subsets. Then V is exhausted by the finite-dimensional subspaces V,, = (E,,)c, where
(-)c stands for linear span over C. Equivalently, we can write V = ligVn. To each linear operator
p: Vp, — V, one can assign an operator

9/5: Vot — Vot
such that g(z) = p(z) for x € V,,, p(e) = e for e € E'\ E,,. This gives embeddings
GL(V,,) = GL(Vp41), SL(V,,) = SL(Vp41),

so that

GL(V,E) = li_n>qGL(Vn), SL(V,E) = hﬂSL(Vn)
are ind-groups. Sometimes we write GL(C) and SLoo(C) instead of GL(V, E) and SL(V, E) respecti-
vely, then we keep in mind the above exhaustion of V by the finite-dimensional subspaces V.

ii) Suppose now that V' is endowed with a nondegenerate symmetric or skew-symmetric bilinear
form . We assume that the restriction 3, of the form £ to V,, is nondegenerate for all n and that
B(e,V,) =0 for e € E\ E,. Let the finitary orthogonal group O(V, E, ) and the finitary symplectic
group Sp(V, E, B) be the respective subgroups of GL(V, E') consisting of all invertible operators preser-
ving the form [ in the cases when f is symmetric or skew-symmetric. Put also

SO(V, B, B) = O(V, E, 3) N SL(V, E).

If a linear operator ¢ on V,, preserves [3,, then the linear operator ¢ on V41 preserves (3,.1. Hence
we can express our groups as inductive limits:

O(V, E,ﬁ) = hﬂO(anﬁn% SO(V7E718) = hﬂso(vmﬁn), Sp(‘/, E»B) = hﬂSp(Vn,ﬁ).

Thus, they are ind-groups. Again, when we write Oxo(C), SO (C) or Sp,(C), we have in mind the
fixed exhaustion of V' by finite-dimensional S-nonsingular subspaces.

Throughout Sections 2-5 we denote by G one of the ind-groups GL(C), SLy(C), SO (C),
SPeo(C). For example, assume that G = SLy(C). Let H be the subgroup of elements g € G which are
diagonal in the basis E. Then H is an ind-subgroup of G called a splitting Cartan subgroup. An ind-
subgroup B C G which contains H is called a splitting Borel subgroup if it is locally solvable (i.e., every
finite-dimensional ind-subgroup of B is solvable) and is maximal with this property. An ind-subgroup
which contains such a splitting Borel subgroup B is called a splitting parabolic subgroup. Equivalently,
an ind-subgroup P of G containing H is a splitting parabolic subgroup of G if and only if PN G, is a
parabolic subgroup of G,, for all n > 1, where G = Un>1 G, is the natural exhaustion of G mentioned
above. The quotient

G/P = Un>1 Gn/(PNGy)



is a locally projective ind-variety (i.e., an ind-variety exhausted by projective varieties); note however
that G/ P is in general not a projective ind-variety, i.e. G/ P is not isomorphic to a closed ind-subvariety
of P*°: see Theorem 6.4 below. Cartan, Borel and parabolic subgroups of an arbitrary classical ind-group
G are discussed in more detail in Section 4 below, where we also characterize G/P as an ind-variety
of generalized flags.

2.2. Generalized flags. In this subsection we introduce a key notion, namely that of a generalized
flag. The obvious notion of an infinite flag (possibly, one-sided or two-sided, see its definition below) is
not sufficient for describing the locally projective homogeneous ind-spaces of the classical ind-groups.
This notion must be replaced by the somewhat intricate notion of a generalized flag which we now
introduce.

Recall that V is a countable-dimensional complex vector space. A chain of subspaces in V is a set
C of distinct subspaces of V such that if F, F’ € C, then either F C F’ or F/ C F. Given a chain C
of subspaces in V| we write C’ (respectively, C") for the subchain of C of all F' € C with an immediate
successor (respectively, an immediate predecessor). Also, we write CT for the set of all pairs (F’, F")
such that F” € C” is the immediate successor of F’ € C'.

Definition 2.5. A generalized flag is a chain F of subspaces in V' with the property F = F U F”
and such that

vifoy= | FN\F.

(F, Fyegt

Note that each nonzero vector v € V determines a unique pair (F, F!") € F1 for which v € F"\ F!.
If F is a generalized flag, then each of the chains 7’ and 3 determines F. Indeed, if (F’, F") € 1 then

F/ _ U G// F// _ ﬂ G/
= , =
G’IIEHT//7 G’llgF// G/ef}‘/7 G’l;F!

(see |DP1, Proposition 3.2]). A generalized flag F is called mazimal if F is not properly contained in
another generalized flag. This is equivalent to the condition that dim F,” = dim F} + 1 for all nonzero
vectors v € V. A maximal generalized flag is not necessarily a maximal chain of subspaces in V', see
Example 2.7 v) below. Every generalized flag is contained in some maximal generalized flag.

By definition, a generalized flag F is a flag if F is isomorphic as a linearly ordered set to a subset of
Z (with the natural order).

Given a generalized flag F, we fix a linearly ordered set (A, <) and an isomorphism of ordered sets

A= TF o (FF!
so that F can be written as
F={F.,F! acA}.

We will write o < 8 if @« < § and «a # 3 for o, 8 € A.
As above, fix a basis F of V. We say that a generalized flag F is compatible with FE if there exists a
(necessarily surjective) map o: E — A such that every pair (F/,, ) € T has the form

Fl =(e€ E|o(e) <a)c, Fl =(e€ E|o(e) Xa)c. (2)

By [DP1, Proposition 4.1], every generalized flag admits a compatible basis. Below we recall the proof
of this fact.

Proposition 2.6. Every generalized flag F in V admits a compatible bastis.
PROOF. First, consider the case when F is maximal. Let

D = {dy, do, ...}
be any basis of V. We use induction to construct a basis L = {lj, la, ...} such that
(I, ..y ln)c={d1, ..., dn)c

for all n and the subspaces Fl/n are pairwise distinct.



Let [y = dy. Assume that the vectors [y, ..., [, have already been constructed. Denote by W the
affine subspace of V' of the form

dnt1 + <ll, e ln>(C~
We claim that there exists [ € W such that F} does not coincide with any of the spaces F} , ..., Fj .
Indeed, assume the contrary. Then W is contained in the union (J;", F’i’ , hence there exists k for which
W C Fy . 1fi1, ..., i is the permutation of 1, ..., n such that Fl’i1 C...C Fl’m, then Fl’i’1 C...C Fl/i/n

and W C Fl,; . Since ¥ is maximal,

dimFl,z-n N (dp+1,li,)c = 1,

but l;, ¢ Fy ,so WNF, # @. Furthermore, dim W N F; > n — 1 because l;, ..., l;, , € F/ . On
the other hand, [;, ¢ W N Flll , hence dim W N Fl/i =n — 1. More precisely,
Wﬂ‘Fl/in =dp+1 + <li1, R lin_1>(C-

According to our assumption, for any I € WN Fl/, , the subspace F} coincides with one of the subspaces

F/ , ..., F  because F] # F] .
1 tn—1 in
Arguing in a similar way, we see that for any 2 < k < n,
wn Fl/% = dn+1 -+ <li17 RN lik_1>(C
and, for any | € W N F] , F} coincides with one of the subspaces F} , ..., F] . In particular,
k 21 Tk—1

WNF, =dn+{li)c

and Ft;n+1+cli1 = Fl’i1 for all ¢ € C. This means that (dp4+1, e;)c C Fl,z'/l' Since the generalized flag F

is maximal, we have
dimFl/il n <dn+1; ll1>(c 2 1.

However, [;, ¢ Fl/il’ thus W N Fl/” #+ @. Taking any [ € W N Fl/il’ we see that the subspaces
with some of the subspaces F , ..., F} .

We now set ln41 = [, where [ is a vector from W such that the subspaces Fy, ..., Iy , Fj are
pairwise distinct. This allows us to conclude that a basis L is constructed as required. It is easy to see
that, given F' € F', the set F” \ F’ contains exactly one vector from L. Moreover, F is compatible
with L because putting o(l) = a for [ € L, where [ € F//\ F/, we obtain a surjection o: L — A with
the property (2).

If ¥ is a non-necessarily maximal generalized flag, it is enough to consider a basis compatible with
a maximal generalized flag G containing &F. Such a basis is automatically compatible with JF. U

. Fl/n> F} are pairwise distinct, which is a contradiction with our assumption that F} coincides

Next, we define a generalized flag F to be weakly compatible with the basis E if F is compatible with
a basis L of V' such that the set E'\ (ENL) is finite. Two generalized flags F, G are E-commensurable if
both of them are weakly compatible with F and there exist an isomorphism of ordered sets ¢: F — G
and a finite-dimensional subset U C V such that

1) o(F)+U =F+U forall FeJ;
i) dim¢(F)NU =dim FNU for all F € F.

Given a generalized flag F compatible with E, denote by F4(F, E) the set of all generalized flags in V,
which are F-commensurable with F.
To endow F¢(F, E') with an ind-variety structure, denote

F,={FNV,, FeJ)}
Given a € A, set
dgm =dim F, NV, =|{e€ E, | o(e) < a}l,
dgm =dimF/NV,={e€ E, | o(e) X a}|



Let ¢, be the projective variety of flags in V,, of the form {U.,UY, a € A}, where U}, U/ are
subspaces of V;, of dimensions dy, ,,, dg,, respectively, U, C Uy for all a € A, and Uy C Up for all

a < f. (Of course, if A is infinite, then there exists infinitely many «, 8 € A such that Uy = Ug.) We
define an embedding

tn: Fly — Flpin, {UL UL, a€ Ay — {WI W/ ae A}
by setting
W! =Ul ®{e€ Epi1\ B, | o(e) < a)c,
W!=Ul'® (e € Eny1\ En | ole) 2 a)c.
Then ¢, is an embedding of smooth algebraic varieties, there exists a bijection between F¢(F, E') and
the inductive limit of this chain of embeddings, see [DP1, Proposition 5.2| or [FP1, Section 3.3].
Furthermore, this ind-variety structure on JF¢(F,FE) is independent of the exhaustion {F,}
of the basis E.
There is another way, sometimes more convenient, to describe the embedding ¢,,. First, for all n > 1,
set V, = (e1, ..., ep)c. For any G € FU(F, E) pick a nonnegative integer ng such that G is compatible

with a basis containing {e,, n > ng} and V,; contains a subspace which makes these generalized flags
FE-commensurable; clearly, we can put ng = 0. For n > ng, set also

G(n)={Wnv,, Weg}

Given n > 1, the dimensions of the spaces of the flag F(n) form a sequence of integers

(3)

0=dno <dn1<...<dpg,,, 1 <dns, =n=dimV,.

Let F¢(d,,,"V,) be the flag variety of type d, = (dp1,...,dns,—1) in V,. Since either s,41 = s, or
Sp4+1 = Sp+ 1, there is a unique j, such that d,41; = dp; +1 for 0 <i < j, and dp11, > dpj,. Then,
for j, <4 < sy, dpg1,i = dpyi + 1 in case s,41 = sy, and dpy1; = dyi—1 + 1 in case s,41 = s, + 1. In
other words, j, < s, is the minimal nonnegative integer for which there is a € A with

dim F/ NV, =dim EF/ NV, + 1.
For each n we define an embedding
En: Fldp, Vi) = Fldnt1, Vit1)
as follows: given a flag
Gn={{0} =Gy CGY C...C G} =V} € Fldy, V),

we set
&n(Gn) = G = {{0} =G c GIP ... C GEN =V} € Fdns1, Vi),
where
Gr, it 0 <4 < jn,
G =GP @ Cepyy,  if jn <0< Spy1 and 8,41 = sy, (4)
G, ®Cepqr, if j, <i < Spg1 and 41 = 5, + 1.

Note that &,(G(n)) = G(n+ 1) for all G € FU(F, E) and all n > ng.

Now recall that we have the exhaustion of E by its finite subsets { E,, }. Denote m,, = |E,,| = dim V},.
Then, according to (3),

Ly = fmn+1_1 @] fmn+1_2 0...0 gmn
The bijection
FUTF,E) — hﬂfﬁ(dmn, Vi)
mentioned above now has the form G — ligg (n). By a slight abuse of notation, in the sequel we will
denote the canonical embedding
Fl(dpm,,, Vn) — FUTF,E)

by the same letter ¢,.



We complete this subsection by giving some main examples of generalized flag ind-varieties which
we will refer to throughout the paper.

Example 2.7. i) A first example of generalized flags is provided by the flag
F={{0} Cc F CV},

where F' is a proper nonzero subspace of V. Here ¥ = {{0} € F}, " = {F Cc V}. If ¥ is
compatible with E, then E N F is a basis of F, i.e., F' = (o) for some subset o of E. The ind-variety
FU(F, E) is called an ind-grassmannian, and is denoted by Gr(F, E). If k = dim F is finite, then a flag
{{0} C F' C V} is E-commensurable with F if and only if dim F' = k, hence Gr(F, E) depends only
on k, and we denote it by Gr(k) = Gr(k, V). Similarly, if k£ = codim y F' is finite, then Gr(F, E) depends
only on E and k (but not on F') and is isomorphic to Gr(k, Vi): an isomorphism

Gr(F,E) = {F CV,|dimF =k} = Gr(k, Vi)
is induced by the map
Cr(F,E)2U —U* ={¢pc V.| ¢(x)=0forall z € U}.

Finally, if F' is both infinite dimensional and infinite codimensional, then Gr(F,E) depends on F
and E, but all such ind-varieties are isomorphic and can be denoted by Gr(co), see [PT1] or [FP1,
Section 4.5] for the details.

ii) Our second example is the generalized flag

?:{{O}ZFQCFl C}
where F; = (e1,...,¢;)¢c for all i > 1. This obviously is a flag. A flag
?:{{O}ZF()CFlC...}

is F-commensurable with F if and only if dim F; = dim F; for all i, and F; = F; for large enough 1.
The flag F is maximal, and F' = F, F" = F\ {0}
iii) Next, put F = {{0} = Fy C F1 CF,C...CF_oCF_;CV}, where

F;, = <€1, es3, ... egi_1>c, F_, = <{€j, 7 Odd} U {62]', 7> Z}>(C
for i > 1. This generalized flag is maximal and is clearly not a flag. Here F=3\V,3" =3\{0}.
Note also that Fe X = FUT, E) does not imply that F; = Fj for i large enough. For example, let
= Ceg, F; = (ea, €3, €5, €7, ..., €9;_1)c for i > 1, and

F—Z - <{€]’ ] Odd ] 3} U {62} U {62j7] > Z}>(Ca (> = ]—’

then F € FU(F, E), but F; # F; for all i.
iv) Now let F={{0}=Fy CFiCF, C...CF CF_1CF_5C...}, where

E = <61a €3, .. 'a€2i71>(C7 F= <e]> .] Odd>(C7 —i = <{6J7 j Odd} U {62_77 < .7 < Z}>(C

The chain F is a maximal generalized flag but not a flag. Note that the space F' does not have an
immediate predecessor. We have ' = F, 3" = F\ ({0} U F).
v) Finally, let Q be the field of rational numbers. Fix a bijection o: E — Q and for each o € Q set

Fé:<€€E7 0'(6) <a>(C7 FO/Z:<€€E7 0-(6) <a>(c

The subspaces {F},, F!},cq form a maximal generalized flag F with A = Q. Of course, JF is not a
flag. None of the subspaces F/, has an immediate predecessor, and none of the subspaces F” has an
immediate successor, so F = {F,}qecq and F’ = {F//},c0.

Furthermore, note that & is not maximal among all chains of subspaces of V. Indeed, given v € R\ Q,
set Cy = (e € B, a(e) < 7)c. The subspaces {F},, F}}acqoU{C,} ecr\@ form a maximal chain C of
subspaces in V, and it is clear that F is a proper subchain of C. The chain C is parameterized by the
“symmetric Dedekind cuts of Q" a point of R\ Q corresponds to one cut, and a point of Q corresponds
to two cuts featuring respectively a maximum and a minimum.



2.3. Isotropic generalized flags. In this subsection we assume that V is endowed with a
nondegenerate symmetric or skew-symmetric bilinear form 5 such that (e, V,,) = 0 fore € E\ E,
as in Example 2.4 ii). Given U C V, we set U+ = {zx € V | B(z,y) = 0 for all y € U}, ie., UL is
the maximal subspace of V' orthogonal to U with respect to 5. We suppose that E is B-isotropic (or,
equivalently, isotropic), i.e., that there exists an involution ip: £ — E with at most one fixed point
and satisfying f(e,e’) =0 for all e, ¢’ € E such that ¢’ # ig(e) (here e may equal €).

Definition 2.8. A generalized flag JF is called B-isotropic (or simply isotropic) if F+ € J for all
F € 7, and if the map ig: F — F, F — FL is an involutive anti-automorphism of the ordered
set F, i.e., a bijection which reverses the inclusion relation. Note that the involution on F induces the
involution

ia: A— A, (FLFY) = (B (FLD)5D).

Let a generalized flag F be -isotropic. It follows from the definition that each S-isotropic flag has the
form GUG™, where G consists of isotropic subspaces of V, and G consists of the respective orthogonal
spaces. Denote by U the union of all subspaces of ¥ which belong to G. Then U is an isotropic subspace
of V', G is a generalized flag in U (possibly, containing U as an element), and F is uniquely determined
by its intersection G = F N U with the subspace U. Furthermore, U is a maximal isotropic subspace of
V if and only if F is a maximal generalized flag in V.

Arguing as in the proof of Proposition 2.6, one can prove that each [-isotropic generalized flag
has a compatible S-isotropic basis. In the rest of this subsection we assume that J is S-isotropic and
compatible with a fixed S-isotropic basis E. Now, suppose that a generalized flag J is S-isotropic and
E-commensurable with F. In particular, the set F1 of consecutive subspaces from F is isomorphic to
A, and the involution iz induces the same involution i 4 on the linearly ordered set 4. The following

F
lemma is proved in [FP1, Subsection 3.1, Lemmal].

Lemma 2.9. i) There ezists a B-isotropic basis L such that E\ (ENL) is finite and F is compatible
with L. ii) If F is compatible with a B-isotropic basis L via the surjective map o: L — A, then

001, =1%400.

PROOF. i) Denote by L' a basis of V such that E \ (E N L') is finite and F is compatible with L'.
Pick a subset E' C FE stable under the involution ig such that ig has no fixed point in E', E\ E' is
finite, and £/ € ENL'. Then V" = (E \ E')c is a finite-dimensional space and the restriction of
to V" is nondegenerate. The intersections {F'NV”, F € F} form an isotropic flag of V. Since V" is
finite dimensional, there exists a [3-isotropic basis E” of V" such that this isotropic flag is compatible
with E”. Then L = E' U E” is a required basis.

!

ii) By definition of compatibility, e € ]5(’7 © \ﬁ; © for each e € L, hence
iL(e) € (ﬁé’(e))L \ (Fvél(e))l'
The result follows. O

Now, denote by FU(F, 5, E) the set of all S-isotropic generalized flags in V' which are E-commen-
surable to F. To endow F¢(F, 8, E) with a structure of ind-variety, assume that in the exhaustion { £, }
of E all the subsets E,, are ig-stable. Recall the definition of F¢,, from the previous subsection. Let
ULV» © V, be the orthogonal subspace in V;, of a subspace U C V,, with respect to /3,,. Denote by .’Mﬁ
the closed subvariety of F¢,, consisting of all flags {U.,, U, a € A} from the flag variety F¢,, such that

(U= (UL = (U] (o), Ul (o) Tor all @ € A.
Then the embedding ¢y, : F,, < Fl,,+1 defined by formula (3) restricts to an embedding

BTl s TP
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Hence we obtain a chain of embeddings of projective varieties

8 Lf 8 Lg L§—1 - 3 L§+1
FO] = Fly S ... S FUS Tl S
There exists a bijection between F¢(F, 5, F) and the inductive limit li &"Kg of this chain of embeddings.

Thus, FU(F, 5, F) is endowed with an ind-variety structure independent of the exhaustion of E. Further,
FUF, B, E) is a closed ind-subvariety of FU(F, E), see [DP1] or [FP1].

Example 2.10. i) Let F' be an isotropic subspace of V', and U be a maximal isotropic subspace
of V containing F. Note that U is always infinite dimensional. Set ¥ = {{0} ¢ FF ¢ F+ c V}.
Then JF is a (-isotropic flag in V. Let E be a [-isotropic basis of V compatible with the flag F.
If dim F' = k < oo, then we denote the corresponding ind-variety F(F, 5, E) by Grﬁ(k) = Grﬁ(k, V).
In general, we denote the corresponding ind-variety by Gr? (F,FE) and call it an isotropic ind-grass-
mannian. Note that if, for example, F' = U then there exist maximal isotropic subspaces of V' which
are not contained in Gr?(U, E).

i) Let F={...CF9CF 1 CF CFC...CFCF|CFjcC...} where, fori>0,

i = (esj, j = i)c,
Fy = ({esj, j € Zso} U{esj1, 1 <j <i})c,
F = {(esj, esj—1, j € Z>o)c,
F} = ({eaj, eaj—1, j € Lo} U{esj—2, 1 <j <if)c.
Here 3 = F, 3" = F\ {F'}, and there is no nondegenerate symmetric or skew-symmetric bilinear form
B on V with respect to which F is isotropic. Indeed, it is clear that F does not admit an involutive

anti-automorphism because there exists a unique subspace of F without an immediate predecessor,
while all subspaces of F have immediate successors.

3. LINEAR IND-GRASSMANNIANS

In this section, we consider a more general approach to the definition of an ind-grassmannian based
on the notion of a linear embedding of finite-dimensional grassmannians. Theorem 3.8 below claims
that any ind-variety obtained as an inductive limit of linear embeddings of grassmannians is isomorphic
to an ind-grassmannian as defined in Examples 2.7 i) and 2.10 i). This material is taken from [PT1].

3.1. Definition of linear ind-grassmannians. Given an algebraic variety X, we denote by Pic X
its Picard group, i.e. the group of isomorphism classes of line bundles. The group operation here is
tensor product. If X is a projective variety with Picard group isomorphic to Z, then Ox (1) stands for
the ample generator of the Picard group, and Ox(n) = Ox(1)®" for n € Z. Note that each morphism
p: X = Y of algebraic varieties induces a group homomorphism ¢*: PicY — Pic X.

If X is an ind-variety obtained as the inductive limit of a chain of morphisms

X1 B X, B .. X, B X,
of algebraic varieties, then, by definition, the Picard group of X is the projective limit
Pic X = @1 Pic X,

of the chain of group homomorphisms

. o1 . ©3 Pr1 4. ©n P @
Pic X; &£ Pic Xy &2 ... <—1P1an<—Pchn+1 P

Clearly, each morphism ¢: X — Y of ind-varieties induces a group homomorphism ¢*: PicY — Pic X
of their Picard groups.

Definition 3.1. We call a morphism ¢: X — Y of algebraic varieties or ind-varieties linear if ©* is
an epimorphism of Picard groups.

11



For example, let X = Gr(k, W) be the grassmannian of k-dimensional subspaces of an n-dimensional
vector space W. Then Pic X 2 Z and Ox (1) = A" S%, where Sx is the tautological bundle on X. If
Y is also a grassmannian, then a morphism ¢: X — Y is linear if and only if ¢*Oy (1) = Ox(1).

In the sequel we will also consider orthogonal and symplectic grassmannians. Assume that a
finite-dimensional vector space W is endowed with a nondegenerate symmetric or skew-symmetric
bilinear form 8. Given k < [dim W/2], the isotropic grassmannian Gr®(k, W) is the subvariety of
Gr(k, W) consisting of all k-dimensional isotropic subspaces of W. If 3 is symmetric (respectively,
skew-symmetric) then Gr®(k, W) is called orthogonal (respectively, symplectic).

We will assume throughout this section that if 8 is symmetric, then dim W > 7 and k # (dim W) /2,
k # (dim W)/2 — 1. It is well known that Gr®(k, W) is smooth and

kEdim W — k(3k +1)/2, if 8 is symmetric,

dim Gr?(k, W) =
mert ) {kdimW — k(3k —1)/2, if B is skew-symmetric.

Furthermore, Pic Gr?(k, W) = 2O,y W)(l)7 where Oy, W)(l) satisfies the following condition: if

7: GrP(k, W) < Gr(k, W) is the tautological embedding, then
O (1) = Ocus ) (2), if B is s.ymmetric and k = [dim W/2],
Oge# (6w (1) otherwise.

Note that a morphism ¢: X — Y of orthogonal or symplectic grassmannians is linear if and only if
(p*Oy(l) = Ox(l).

Definition 3.2. A linear ind-grassmannian is an ind-variety X obtained as the inductive limit
lingn of a chain of embeddings

Y1 ©2 Pn—1 ¥n Pn1
Xi=Xo—= ... = X, =>Xp41 — ...,

where each X,, is a grassmannian or isotropic grassmannian with Pic X = Z, lim,_ .., dim X,, = oo,
and all embeddings ¢, are linear morphisms. Note that we allow a mixture of all three types of
grassmannians (usual, orthogonal and symplectic).

Example 3.3. Let V and F be as above, and F' be a subspace of the space V such that the flag
F = {{0} ¢ F C V} is compatible with E. Set Gr(F,E) = F¢(F,E) as in Example 2.7 i). Then
Gr(F,E)NV, = Gr(d,, V,) for d, = dim F'NV,,, and the embedding ¢,,: Gr(dy,, V) < Gr(dn+1, Vat1)

has the following simple form:
tin(A) = A® Upyq for A € Gr(d,, Va),

where Uy, 41 is a fixed subspace of V,, 11 spanned by certain basis vectors from E, 11\ E,, see (4). Such
embeddings ¢, are clearly linear, so Gr(F, E) is a linear ind-grassmannian.

3.2. Standard extensions. The key idea in the description of linear ind-grassmannians is that each

linear ind-grassmannian is isomorphic to the inductive limit of a chain of certain standard embeddings.

Definition 3.4. Let X, X’ be usual grassmannians. An embedding ¢: X — X' is called a standard
extension if there exist isomorphisms jx: X — Gr(k,W), jx/: X' — Gr(k’,W’) and an embedding
o: Gr(k,W) — Gr(K',W’) for dim W' > dim W, k¥’ > k, such that the diagram

xo. % _x

bl

Gr(k, W)= Gr(K', W)
is commutative, and ¢ is given by the formula

o(A) =A@ U, Ac Gr(k,W) (5)

12



for some fixed isomorphism W’ = W & U’ and a fixed subspace U C U’ of dimension k' — k. Note that
dim W' —dimW =dimU’ > dimU = k' — k, hence dim W’ — k¥’ > dim W — k.

For instance, all embeddings considered in Example 3.3 are standard extensions. It is clear that the
composition of two standard extensions is a standard extension.

In what follows we will say that a standard extension ¢: Gr(k, W) — Gr(k', W') is strict if jaeg,w)
and ja(w,wr) are automorphisms. Given a strict standard extension ¢: Gr(k, W) — Gr(k',W’), the
isomorphism W’ = W & U’ can always be changed so that ¢ is given simply by formula (5). Obviously,
the composition of two strict standard extensions is a strict standard extension. Note that, given a
strict standard extension ¢: Gr(k, W) — Gr(k',W'), U can be recovered by the formula

U= ﬂAeGr(k,V) P(A).

Put also
U' = (p(A), A€ Gr(k,W))¢,

then ¢ determines a surjective linear map ¢?: Uf — W with kernel U such that (gpﬁ)_l (A) = o(A)
for all A € Gr(k, V). One can easily check that fixing the standard extension ¢ is equivalent to fixing
the triple (U, U*¥, *).

Suppose now that W and W’ are finite-dimensional spaces endowed with respective nondegenerate
bilinear forms 8 and 3’ such that 8 and 3’ are both symmetric or skew-symmetric. An embedding
@: GrP(k,W) < GrP(K,W') is called a standard extension if ¢ is given by formula (5) where
W' =W @ U’ is an isometry and U is an isotropic subspace of U’.

As for usual grassmannians, a standard extension of isotropic grassmannians can be defined by the
following linear-algebraic datum. Pick a flag {U € U*} in W for which U is isotropic and there exists
a surjective linear map of: U* — W with kernel U so that the bilinear form (apﬁ)* B coincides with the
restriction of #’ to U%. This datum defines an embedding ¢: Gr?(k, W) < GrP(k’, W) by the formula

o(A) = ((pﬁ)il (A) C U C W/, A eGPk, W).

Moreover,

U= mAeGrﬁ(k,W) p(A), UF = (p(A), A Gr’(k,W))c.

To formulate the first main result of this section, we need some more definitions. Let W be an
isotropic subspace of W. For k < dim W, we call the natural embeddings Gr(k, W) < Gr®(k, W) and
Gr(dimw — k,w*) — Grﬁ(k,W) isotropic extensions. By definition, a combination of isotropic and
standard extensions is an embedding of the form

GrB(k, W) S Gr(k, W) <5 Gr(k", W) & Gl (K", W) & Geb (K, W),

where W” is an isotropic subspace of W”, 7 is the tautological embedding, ¢ and 1) are standard
extensions and b is an isotropic extension. It is easy to check that a composition of combinations of
isotropic and standard extensions is a combination of isotropic and standard extensions.

By projective space in (or on) a variety (or an ind-variety) X we understand a linearly embedded
subvariety of X isomorphic to a projective space. Similarly, by a quadric on X of dimension m > 3 we
understand a linearly embedded subvariety of X isomorphic to a smooth m-dimensional quadric. (For
quadrics on X of dimensions 1 and 2 the definition is slightly different, see [PT1, Subsection 2.2] for
the details.)

Now, suppose that X and Y are usual (respectively, orthogonal or symplectic) grassmannians. If
these are orthogonal grassmannians of the form Gr?(k, W) and Gr®(k’, W’) respectively, then assume
in addition that either k& < [(dim W)/2] — 3, k' < [(dim W’)/2] — 3, or that both dim W, dim W' are
odd and [(dim W) /2] — k' < [(dim W) /2] — k < 2.

It follows immediately from the definitions that standard extensions and combinations of isotropic
and standard extensions are linear morphisms.
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The following theorem is the central result which leads to the classification of linear
ind-grassmannians, see Subsection 3.3. We invite the reader to read the proof of Theorem 3.5 in
the original paper [PT1, Theorem 1].

Theorem 3.5. Let p: X — Y be a linear morphism. Then some of the following statements hold:
a) ¢ is a standard extension;
b) X and Y are isotropic grassmannians
and ¢ is a combination of isotropic and standard extensions;
c) ¢ factors through a projective space in'Y

or, in case of orthogonal grassmannians, through a mazimal quadric on Y .

In particular, ¢ is an embedding unless it factors through a projective space in Y or, in case of
orthogonal grassmannians, through a maximal quadric on Y.

3.3. Classification of linear ind-grassmannians. In this subsection we explain that each linear
(possibly, isotropic) ind-grassmannian is isomorphic to one of the standard (possibly, isotropic) ind-
grassmannians defined below.

Let V' be a countable-dimensional vector space, E be a basis of V, E = |J E,, be its exhaustion of
finite subsets and V = |JV}, be the corresponding exhaustion of V' by its finite-dimensional subspaces
Vo, = (Ep)c. Denote by Gr(k) the inductive limit of a sequence

$n—1 Pn+1

Gr(k, Vi) & Gr(k, Vo) & ... 785 Gr(k, Vi) &5 Gr(k, Virr) &5 ..,

where k > 1 is an integer, and all ¢, are canonical inclusions of grassmannians.
Denote also by Gr(co) the inductive limit of a sequence

Gr(k1, V1) & Gr(ka, Va) 53 ... 5" Gr(kn, Vi) &5 Gr(kp1, V1) 723" L
where 1 < k; < kg < ... are integers satisfying lim,_,(dim V;, — k,) = oo, and all ¢,, are standard
extensions.

In the orthogonal and symplectic cases we assume that V' is endowed with a respective nondegenerate
symmetric or skew-symmetric bilinear form § such that the restriction of 3 to V,, is nondegenerate for all
n. Here we don’t assume that e is orthogonal to V,, for e € E'\ E,,. For an integer 1 < k < [(dim V4)/2],
let Gr”(k, 00) denote the inductive limit of the chain

Gro1(k, Vi) &5 G2 (k, Vo) &3 7S G (k, V) 5 Gt (B, Vi) TS L
where (3, denotes the restriction of the form 5 to V,,, and all morphisms ¢,, are canonical inclusions of
isotropic grassmannians.
Given a sequence of integers 1 < k; < ko < ... such that k, < [(dimV), /2] for all n (and,
consequently, lim,, oo (dim Vj, — k,,) = 00), we denote by Gr®(oo, 00) the inductive limit of a chain

GrP1 (ky, Vi) & G (ky, Vo) B ... 75" GaPr (e, Vi) &3 G2t (Bppy, Vi) 7250 (6)
of standard extensions of isotropic grassmannians.

Next, in the symplectic case, for a sequence of integers 1 < k1 < kg < ... satisfying k,, < (dim V},)/2
and lim,, 00 ((dim V},)/2 — k,) = k > 0, we denote by Gr®(oco, k) the inductive limit of a chain (6)
of standard extensions. In the orthogonal case, suppose first that dim V,, is even for all n; then let
Grg(oo, k) be the inductive limit of a chain (6) where k, < (dimV},)/2 and lim,,—,((dim V},) /2 —k,,) =
k > 2. Finally, if dim V,, is odd for all n in the orthogonal case, we denote by Gr? (00, k) the inductive
limit of a chain (6) with &, < [dim V},/2] and lim, o ([(dim V},)/2] — ky,) = k > 0.

Definition 3.6. The above ind-varieties are called standard ind-grassmannians.

Lemma 3.7. All standard ind-grassmannians are well-defined, i.e. a standard ind-grassmannian
does not depend (up to an isomorphism of ind-varieties) on the specific chain used in its definition.
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PRrROOF. Consider Gr(co) (all other cases are similar). Suppose that we have two chains of strict
standard extensions
Pn—1 Pn+1

Gr(ky, V1) & Gr(ka, V) & ... 75 Gr(kn, Vi) &3 Grlkni1, Vag1) o' ..,

f ; n— A @
Gr(k;, V) 3 Grlho, V) 3 85 Grllen, V) 33 Gr(kng, Vi) &5

where E = | J E}, is an exhaustion of the basis E by its finite subsets, V,, = (E] )¢, and

lim k, = lim k), = lim (dimV,, — k,) = lim (dimV,, — k],) = oo.
n—00 n—00 n—00 n—00

We must show that the inductive limits Gr(co) and Gr'(co) of these two chains are isomorphic.
To do this, we find n such that dimV, > dim Vi, k], > ky, dim V! — k,, > dim V; — k1 and consider
an arbitrary strict standard extension
[ Gr(ky, Vi) < Gr(kl, Vo).
Let m be such that k,, > k,, dim 'V}, > dimV,, and dimV},, — ky,, > dim V;] — k/,. Denote
©=¢m-10...01: Gr(ki, V1) = Gr(km, Vin).
It is enough to construct a strict standard extension
g: Gr(k, V) — Gr(km, Vy)
such that go f = ¢. (Then, repeating this procedure, we will construct two mutually inverse morphisms
of ind-varieties Gr(oo) and Gr'(c0).)
As we mentioned above, the strict standard extensions f and ¢ are given by triples (Uy, Ujﬁc7 I
and (U, Uf,,(pﬁ) respectively, where {Uy C Uﬁ} and {U, C Uf,} are flags in V! and V,, respectively,
Iik UJE — V; and ¢f: Uf, — V) are linear surjections, and the triples

#
0—>Uf(—>Uﬁ£»V1—>O,

#
0—>U¢<—>Ufof»V1—>0

are exact.
. / .
Since k,, > k;,, we obtain

dimU% = dim Vi + dim Uy, = dim Vi + (kn, — k1) > dim Vi + (K], — k1)
= dim V; + dim Uy = dim U}.

Since f and ¢! are surjective, there exists a linear surjection e: Ug —» UJE satisfying ¢! = ffoe. Then
the restriction of € to U, is a well-defined linear surjection U, — Uy. Set U, = Kere, then the triple

0—>Ug<—>Ui—8»UJE—>O
is exact. Now, set (73 =U, @V, and set 7: (73 — V, to be the projection on V, along U,.
Fix embeddings j: Ug — [73 and i: (73 < Vi, such that (i o j)
embeddings exist. Indeed,
dim U} = dim Uy + dim V;, = (dim U, — dim U}) + dim V,
= (ky — k) + dim V), = ky, + (dim V) — k}) < ky, + dim V,, — Ky, = dim V.

’Uﬁi = 1dUg and Toj = E\Ug. Such

Now, let Z be a subspace of Uﬁ, such that [75 = Uy @ Z, then €|, is a linear isomorphism between Z

and UJE. Note that e(Z) = E(UPP) = Uﬁ. Given u € Uy, z € Z, one can set j(u + z) = u + £(2), then

moj = ¢e|,:. Next, if T is a subspace of V,, satisfying V,, = Uﬁ @ T, then, given u € Uy, €(z) € Uﬁ,
©

t € T, one can set i(u+¢(2) +t) = u+ z + a(t), where a: T' — V,,, is an arbitrary embedding such

that Uf; Na(T) = 0. Clearly, (ioj) id, 4, as required.

’U}}; = Ug,’
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Thus, if we denote Ug = z(ﬁg) C Vi, then {U, C Ug} is a flag in V,,, equipped with an isomorphism
Ug /Uq = V. This isomorphism induces a surjection gt Ug — V,, with kernel Uy. The strict standard
extension g: Gr(k,,,V,)) < Gr(km,, Vs,) corresponding to the triple (Uy, Ug, g%) satisfies the property
go f =, as required. (Il

Note that the ind-varieties Gr(k) and Gr(oo) considered in Example 2.7 i) are exactly the standard
nonisotropic ind-grassmannians defined above, so there is no abuse of notation. Similarly, all standard
isotropic ind-grassmannians represent isomorphism classes of ind-varieties Gr? (F, E) introduced in
Example 2.10 i).

We are now ready to classify linear ind-grassmannians. The second main result of this section is as
follows (see [PT1, Theorem?2]).

Theorem 3.8. Fvery linear ind-grassmannian is isomorphic as an ind-variety to one of the standard
ind-grassmannians Gr(k), Gr(oco), Gr?(k, 00), Gr? (oo, 00), Grf (oo, k), Grrg(oo7 k), Grrf(oo7 k), and the
latter are pairwise non-isomorphic.

PrROOF. Let X be a linear ind-grassmannian given by the inductive limit of a chain of embeddings

¥1 P2 $n—1 ®n Pnt+1
Xi=Xo—= ... = X, =>Xpp1 — ...,

where all X,, are (possibly, orthogonal or symplectic) grassmannians and lim, . dim X, = oo.
Then for infinitely many n, X, is a grassmannian, or an orthogonal grassmannian, or a symplectic
grassmannian. Hence we may assume without loss of generality that all X, are of one of these three
types. Consider the case when all X, are grassmannians. (Two other cases can be considered similarly
with some special features in the orthogonal type.)

There are two different options: either, for infinitely many n, the embedding ¢, : X,, — X,,41 factors
through a projective space in X,, 11, or this is not the case. In the first case, clearly, X = Gr(1) = P*.
In the second case, by deleting some first embeddings we can assume that none of the embeddings ¢,
factors through a projective space in X, +1. Thus, it follows from Theorem 3.5 that all ¢, are standard
extensions, and, consequently, X is isomorphic to Gr(k) or Gr(co).

For the proof of the fact that the standard ind-grassmannians are pairwise non-isomorphic, see [PT1,
Lemmas 5.1, 5.2, 5.4]. O

The isotropic ind-grassmannians which do not appear in Theorem 3.8 are of the form Gr’(F,E)
where £ is symmetric and F is a maximal isotropic subspace such that F = F1 or F' is an isotropic
subspace which has codimension 2 or 4 in F-. An ind-grassmannian Gr®(F, E) with codim . F = 4 is
a linear ind-grassmannian according to Definition 3.2. What [PT1, Theorem2| does not verify is that
any linear ind-grassmannian X = lingn such that X, is isomorphic to a grassmannian Gr®(l, —2,V},)
for m, = dimV,, = 2l,, is isomorphic to Gr’(F, E) for codim p. F' = 4. We nevertheless expect this
to hold. The cases F = F* and codim z. F = 2 do not really fit Definition 3.2 as the requirement
Pic X,, 2 7Z is violated. These cases deserve a special consideration.

We conclude this subsection by remarking that the idea of characterizing the ind-grassmannians
Gr(F, E) (or their isotropic counterparts) purely geometrically, in other words without reference to an
action of GL(C) on Gr(F, E), could carry over to arbitrary ind-varieties of generalized flags. For this,
one would need to define the notion of a strongly linear embedding of arbitrary usual flag varieties
X <= Y in purely geometric terms (i.e., strengthen Definition 3.1 in an appropriate way), and then
prove that strongly linear embeddings are nothing but standard extensions (the notion of standard
extension admits an obvious generalization to arbitrary flag varieties). This would then imply that any
strongly linear flag ind-variety is an ind-variety of generalized flags.

4. IND-VARIETIES OF GENERALIZED FLAGS AS HOMOGENEOUS IND-SPACES

In this section, we prove that all ind-varieties of generalized flags (possibly, isotropic) are homo-
geneous ind-spaces of the classical ind-groups GLso(C), SLso(C), SOx(C) and Sp.,(C) defined in
Section 2. Our exposition is based on the papers [DP1|, [DP2], [DC|, [DCPS|, [NP| and [DCP].
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4.1. Classical ind-groups and their Cartan subgroups. Recall the definitions of the ind-groups
SLoo(C) = SL(V, E), SO« (C) = SO(V, E, §) and Sp,,(C) = Sp(V, E, B) from Example 2.4. Let G be
one of these ind-groups. Note that in each case we have an exhaustion of G by its finite-dimensional
subgroups of the corresponding type described in Example 2.4. We denote this exhaustion by G = | G,,.
For example, if G = SLy(C), then G,, = SL(V},) = SL,(C), etc. The goal of this subsection is to
describe the structure of Cartan subgroups of G in some detail.

Sometimes it is more convenient to work with Lie algebras instead of groups. Let g, C gl(V},) be
the Lie algebra of G,,. To each linear operator ¢ on V,, one can assign a linear operator ¢’ on V11 by
letting

o'(x) =x for x €V, and ¢'(e) =0 fore € E\ E,

(cf. the definition of @ from Example 2.4). This gives an embedding

On < Ontl, @ — ¢

for all n > 1. We denote the inductive limit liﬂgn by g and call it the Lie algebra of G. For
G = GLx(C), SLy(C), SOx(C) and Sp,,(C) we write g = gl(C), slo(C), 505(C) and sp..(C)
respectively. If H = |J H, is an ind-subgroup of G, where H,, = H N G,, and b, is the Lie algebra of
H,, then the map ¢ — ¢’ induces an embedding

bn — bn+17 P = 30/7

and the inductive limit h = hgn by is called the Lie algebra of H.

In the finite-dimensional setting, there are several equivalent definitions of a Cartan subalgebra of a
semisimple Lie algebra. For example, a Cartan subalgebra is a maximal toral subalgebra, or a nilpotent
self-normalizing subalgebra. Moreover, all Cartan subalgebras of a finite-dimensional Lie algebra are
conjugate. For g, the situation is somewhat more delicate. One new effect is that there exist maximal
toral subalgebras of g which do not yield a root decomposition of g. Another new effect is that there
are non-conjugate maximal splitting toral subalgebras, and, as a consequence, different root systems
of the same Lie algebra.

Recall that for finite-dimensional Lie algebras we have a notion of a Jordan decomposition, and
in particular of semisimple elements and nilpotent elements. Since these notions are preserved under
embeddings g, < gn+1, we can talk about a Jordan decomposition of an element of g. A subalgebra
t of g is called toral if every element of t is semisimple. Every toral subalgebra is abelian. Given a
subalgebra b of g, denote by hgs the set of semisimple Jordan components of the elements of h. For
example, if t is a toral subalgebra, then t;s = t. A subalgebra b of g is called locally nilpotent if it is
locally nilpotent as h-module, i.e., if for all z, y € b there exists m € Z~q such that ad'(y) = 0. This
is equivalent to requiring that h be a nested union of finite-dimensional nilpotent Lie algebras. A toral
subalgebra t is called splitting if g is a weight t-module, i.e., g = P Ach* g”, where

g ={z €g|ad,(x) = Ay)x for all y € h}.
Example 4.1. i) Recall the definition of V, from Section 2. The Lie algebra gl (C) is isomorphic
to the Lie algebra gl(V,V,) = V ® V, with the bracket induced by the product
(v1 ® a1)(v2 ® ag) = az(v1)v2 @ .
An isomorphism n: gl(V, Vi) — gl (C) = gl(V) is given by the usual formula
nv® a)(w) =a(w)v, v, weV, a €V,

Now, t = ,,50Cen ® Ce;, is a splitting maximal toral subalgebra of gl,,(C). In fact, t consists of
linear operators from gl (C) which are diagonal in the basis E.
ii) Put
t=EDClen —e1) ®C(e}, — €3).
n=3

Then t is a maximal toral subalgebra of gl__(C), and t is not splitting.

17



For any subset A C g and any subalgebra i C g we define the centralizer of A in h as the subspace
w(A)={zebh|[z,y)=0foralyec A} Cbh.

Definition 4.2. A subalgebra b of g is a Cartan subalgebra if b is locally nilpotent and b = 34(hss)-
An ind-subgroup H of G is a Cartan subgroup if the Lie algebra of H is a Cartan subalgebra of g.

Lemma 4.3. Let § be a locally nilpotent subalgebra of g. Then the following assertions hold:
i) hC 3g(hss);

ii) bss is a toral subalgebra of g;

iii) 34(hss) is a self-normalizing subalgebra of g.

PROOF. i) Pick two elements z, y € . Since b is locally nilpotent, ad?'(y) = 0 for some m. Denote
by zss the semisimple part of an element 2z € g. It is well known that ad,,, is a polynomial in ad, with
no constant term, hence

a’dmss (adgb_l (y)) = O

Each element commutes with its semisimple component, so
a’d;nil(a’dxss (y)) = 07

and it follows by induction that ad}’ (y) = 0. Thus, ad,,,(y) = 0, and, consequently, b C 34(hss).

ii) Similarly, ady,(xss) = 0 implies that ad,, (zss) = 0. Therefore any two elements of b5 commute.
Since the sum of any two commuting semisimple elements is semisimple, hgs is a subalgebra.

iii) Suppose that z € g belongs to the normalizer of 34(bss), then [z, y] € 34(bhss) for all y € 34(hss),
in particular, for all y € hs. Hence if y € b, then [[x,y],y] = 0, and as y is semisimple it follows that
[z,y] = 0. Thus, z € 34(hss), and so 34(bss) is self-normalizing. O

The following theorem is the main general result of [DCPS| characterizing Cartan subalgebras of g
(in [DCPS] it is proved in more general context of locally reductive Lie algebras).

Theorem 4.4. Let b be a subalgebra of g. The following conditions on § are equivalent:
i) b is a Cartan subalgebra;
ii) b = 34(hss) and hss is a subalgebra;
iii) b = 34(t) for some mazimal toral subalgebra t of g, and t = bs.

In addition, if b is a Cartan subalgebra, then by is self-normalizing, and both the semisimple and nilpotent
Jordan components of an element of b belong to b.

There is a unified description of Cartan subalgebras of g in term of so-called self-dual systems, see
[DCPS, Corollary 4.11] for the details. The Lie algebras gl (C), slo(Cx) and sp.,(C) admit only
abelian Cartan subalgebras, while s0,,(C) has non-abelian ones, see [DCPS, Subsection 4.2] for the
example.

A Cartan subalgebra hh C g is called splitting if hss is a splitting toral subalgebra of g. In this
case, h = hgs. A Cartan subgroup H of G is called splitting if its Lie algebra is a splitting Cartan
subalgebra. In general, a Cartan subgroup (respectively, a Cartan subalgebra) of G (respectively, of g)
is splitting if and only if it a the inductive limit of Cartan subgroups of G}, (respectively, of Cartan
subalgebras of g/,), where G = | J G/, is an exhaustion of G by its finite-dimensional classical subgroups
of corresponding type, and g = (Jg], is the corresponding exhaustion of g by its finite-dimensional
classical Lie subalgebras.

Example 4.5. (Splitting maximal toral subalgebras) i) Let G = GLy(C) or SLo(C) (respec-
tively, g = gl (C) or slo(C)). The set H (respectively, h) of all linear operators from G (respectively,
from g) which are diagonal with respect to the basis F is a splitting Cartan subgroup (respectively, a
splitting Cartan subalgebra), and h = Lie H.

ii) Put m, = dimV,, for n > 1. If § is skew-symmetric then assume that each m, = 2l,, is even
(and so g, = spy, (C)). If B is symmetric then assume that either each m,, = 2I, is even (and so
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On = 509, (C)), or that each m, = 2[, + 1 is odd (and so g, = s09;, +1(C)). If each m,, is even, we
renumerate the basis E by letting

E= {eia e—i}i€Z>o7 En = {ei? e_i}éih

if each m,, is odd, we renumerate E by letting

E = {eo} U{ei, e—iticzoy En={eo}U{es, e,

We may assume without loss of generality that

Zill(ulvfl + U,ivi) fOr 502l7z ((C)7
Blu,v) = § ugvo + 33 (wiv—i +u—wi) for s09,11(C),
Zlill(uiv—i — U_;v;) for spy;,, (C).

Here u, v € V, and x; denotes the coordinate of a vector x corresponding to e;. Then the set H
(respectively, ) of all linear operators from G (respectively, from g) which are diagonal with respect to
the basis E is a splitting Cartan subgroup (respectively, a splitting Cartan subalgebra), and f = Lie H.

The main result about splitting Cartan subalgebras is as follows [DCPS].

Proposition 4.6. i) If t is a mazimal splitting toral subalgebra of g, then t = 34(t) is a splitting
Cartan subalgebra of g. ii) If b is a splitting Cartan subalgebra of g, then b = bss. iiil) For g = gl (C),
5l (C) and spo. (C), all splitting Cartan subalgebras are conjugate by the group Aut g. For g = 505(C),
there exists exactly two Aut g-conjugacy classes of splitting Cartan subalgebras corresponding to the
exhaustions g = ligslen((C) and g = hﬂﬁUQZn_i_l((C) described above.

Note also that G C Aut g. Indeed, G = SL(V, E) consists of automorphisms of V' with determinant 1
which keep all but finitely many elements of E fixed, while Aut sl (C) in this case contains the group
of all automorphisms of V' which induce automorphisms on V.

4.2. Splitting Borel and parabolic subgroups of classical ind-groups. In this subsection, we
discuss Borel and parabolic subgroups and subalgebras of classical ind-groups and their Lie algebras
respectively. In particular, we classify all splitting Borel subgroups in terms of their roots.

In the finite-dimensional setting, a Borel subalgebra of a semisimple Lie algebra is a maximal solvable
subalgebra, and a parabolic subalgebra is a subalgebra containing some Borel subalgebra. We say that
a subalgebra b of g is locally solvable if every finite subset of b is contained in a finite-dimensional
solvable subalgebra, i.e. if b is a union of its finite-dimensional solvable subalgebras.

Definition 4.7. A Borel subalgebra b of g is a maximal locally solvable subalgebra of g. A Borel
subalgebra b of g is called splitting if b contains a splitting Cartan subalgebra of g. A Borel subgroup
of G is an ind-subgroup B such that the Lie algebra b = Lie B is a Borel subalgebra of g. A Borel
subgroup B is called splitting if its Lie algebra is a splitting Borel subalgebra, or, equivalently, if B
contains a splitting Cartan subgroup of G.

In general, Borel subalgebras may have properties which are very unusual from the finite-dimensi-
onal point of view. For instance, there exists a Borel subalgebra of gl (C) (see Example 4.13 below)
which contains no nonzero semisimple elements, and hence no non-trivial toral subalgebras!

In contrast, splitting Borel subalgebras have a very nice description presented below. Note that a
Borel subalgebra of g (respectively, a Borel subgroup of G) is splitting if and only if it a the inductive
limit of Borel subgroups of G), (respectively, of Borel subalgebras of g} ), where G = |JG,, is an
exhaustion of the ind-group G by its finite-dimensional classical subgroups of corresponding type, and
g = J g, is the corresponding exhaustion of g by its finite-dimensional classical Lie subalgebras.

Let b be a splitting Cartan subalgebra of g described in Examples 4.5 i) and ii). Any splitting Borel
subalgebra is conjugate via Autg to a splitting Borel subalgebra containing §. Therefore, in what
follows we restrict ourselves to considering only Borel subalgebras b which contains . We have a root

decomposition
g=hoPe”
acd
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where ® is the root system of g with respect to b, and g are the root spaces. The root system @ is
simply the union of the root systems of g,, and equals one of the following infinite root systems:

As = t{e; — €5, 1,§ € Zso, 1 < j},
By = t{e; — €5, i,j € Z>o, i < j}
Ux{ei+ej, 1,5 € Zso, i <jrUx{e;, i € Zso},
Coo = t{ei —¢j, 4,j € Zso, i < j}
Ux{ei+ej, 1,5 € Zso, 1 < jHUE{2¢, i € Zso},
Do = t{e; —€j, i,j € Z>o, 1 < j}
U j:{é‘i +e€j, 1,5 € Z~g, 1t < j}
The linear functions €; — €j, €; + €5, €;, 2¢; on b are defined as follows: given h € b,
{hi,i —hjj in case Ao,
hi;—h_i_i—hj;j+h_j_; otherwise,
(ei+ej)(h) = hii—hi—i+hjj —h_jj,
gi(h) = 2(hi; — h—i i),
2ei(h) = hii — h—i ;.
Here, in the orthogonal and symplectic cases, we enumerate the basis vectors from E as in Example 4.5
and denote by x; j the (i, j)th element of a matrix z.
Recall [DP3] that a linear order on {0}U{+e;} is Za-linear if multiplication by —1 reverses the order.

By [DP3, Proposition 3|, there exists a bijection between splitting Borel subalgebras of g containing b
and certain linearly ordered sets as follows:

for Aoo: linear orders on {g;};

for Boo and Cs: Zo-linear orders on {0} U {+£e;};

for Doo: Zo-linear orders on {0} U {£e;} with the property that
a minimal positive element (if it exists) belongs to {g;}.

In the sequel we denote these linear orders by <. To write down the above bijection, denote 9¥; = ¢,
if g, = 0, and ¥; = —¢;, if &; < 0 (for As, ¥; = &; for all 7). Then put b = h @ n, where
-
acdt
and, by definition,
AO+O = {19, — 19j, i,j S Z>0, 191 - 19]‘},
BL ={9; =V}, i,j € Zso, V; = ¥}
U {191' + 19j, 1,7 € Z>o, ;= ﬁj} U {19,‘, 1€ Z>0},
C;_o = {191 - 19]7 7’7] € Z>07 191 >~ ﬂj}
U {191 + 19]7 Za] € Z>07 192 > 19]} U {21927 (XS Z>0}7
D:o = {291 - 19]‘, i,j S Z>0, 197, - 29]}
U {191 + 19j, i,] € Z~q, Vi > 19]'}.

A subalgebra p C g is called parabolic (respectively, splitting parabolic) if it contains a Borel
(respectively, a splitting Borel) subalgebra of g. An ind-subgroup P C G is called a parabolic (respec-
tively, a splitting parabolic) subgroup if it contains a Borel (respectively, a splitting Borel) subgroup
of G, or, equivalently, if the Lie algebra p = Lie P is a parabolic (respectively, a splitting parabolic)
subalgebra of g.

Note that a parabolic subalgebra of g (respectively, a parabolic subgroup of G) is splitting if and only
if it a the inductive limit of parabolic subgroups of G/, (respectively, of parabolic subalgebras of g/,),
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where G = (J G/, is an exhaustion of the ind-group G by its finite-dimensional classical subgroups
of corresponding type, and g = (Jg/, is the corresponding exhaustion of g by its finite-dimensional
classical Lie subalgebras.

4.3. Homogeneous ind-spaces. Here we establish the main result of this section which claims that
each splitting parabolic subgroup ia s stabilizer of a generalized flag, and, vice versa, each ind-variety
of (isotropic) generalized flags is a homogeneous ind-space of the group G.

Let H and h be as in Example 4.5. In the isotropic case, we will use all the notation from
Example 4.5 ii). Note that in this case E is a S-isotropic basis with respect to the involution

1g: e — €_i, € € FE.
Each splitting parabolic subalgebra p of g is conjugate to a splitting parabolic subalgebra of g containing
h via Autg, so we may assume without loss of generality that p contains h (and, consequently, the
corresponding parabolic subgroup P of G contains H ).

Let F be a generalized flag in V' compatible with E (and (-isotropic whenever E is (-isotropic).
The ind-group G naturally acts on the ind-variety F¢(F, E) (and on FU(F, 5, E) in the isotropic case).
Denote by Ps the stabilizer of F in G.

Theorem 4.8. i) The subgroup Py is a splitting parabolic subgroup of G containing H. ii) The map
F — Py is a bijection between the set of generalized flags in V' compatible with the basis E and the set
of splitting parabolic subgroups of G containing H .

PROOF. i) The inclusion H C Py follows immediately from the definition of H and the compatibility
of F and E. Since each P, = PN G, is the stabilizer of the flag ¥ NV,,, P, is a parabolic subgroup of
Gy. Hence P = liﬂPn is a splitting parabolic subgroup of the ind-group G.

ii) Conversely, let P = lian be a parabolic subgroup of G containing H, where P, is a parabolic
subgroup of G,, for n > 1. Denote by F(n) the flag in V,, whose stabilizer coincides with P,,. Then
tn(F(n)) = F(n+1) (and (F(n)) = F(n + 1) in the isotropic case). The inductive limit h%mff(n)
defines a generalized flag F in V', and it is straightforward to check that P = Py. U

Note that maximal generalized flags in V' compatible with E correspond to splitting Borel subgroups
of G containing H under the above bijection.

Since G/Py = |J Gy /Py, where P, = Py NV, we conclude that G/Psy is a locally projective ind-
variety, as we mentioned in Section 2. We are now ready to endow FU(F, E) and FU(F, 5, E) with
respective structures of homogeneous ind-spaces.

Theorem 4.9. There is an isomorphism of ind-varieties FU(F, E) = G/Py (and of ind-varieties
FUTF, B, E) = G/ Py in the isotropic case).

PROOF. Given G € FU(F,E) or G € FUTF, B, E), let U be a finite-dimensional subspace of V' whose
existence is provided by the F-commensurability of ¥ and G. We may assume without loss of generality
that U = V,, for some n > 1. Then F(n) = FNV,, and G(n) = G NV, are flags of the same type in
the finite-dimensional vector space V},, hence there exists g, € G, such that g,(F(n)) = G(n). We can
extend g, to an element g, 1 = g, by letting g,(e) = e for e € E'\ E,, etc. Let g be the corresponding
element of GG. Then

n: FUF,E)— G/Py (or n: FUF,B,E) - G/Ps), G gP,
is a well-defined map. One can easily check that 7 is an isomorphism of ind-varieties. (Il

4.4. Borel and parabolic subalgebras: general case. In this subsection we briefly discuss a
description of (possibly, non-splitting) Borel and parabolic subalgebras of g (or, equivalently, Borel and
parabolic subgroups of G) in terms of so-called closed generalized flags and taut pairs of semiclosed
generalized flags. This material is taken from the papers [DC| and [DCP].

If a parabolic subgroup of G (or, equivalently, a parabolic subalgebra of g) is not splitting, it can
not be the stabilizer of a generalized flag compatible with the basis F of V' or with any other G-eligible
basis E’ of V. Thus, in order to relate general non-splitting parabolic subgroups and subalgebras to
generalized flags, we should consider generalized flags which do not admit a G-eligible compatible basis.

Recall the identification
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from Example 4.1. Under this isomorphism, sl (C) is identified with the commutator subalgebra
sl(V, Vi) of gl(V,Vi). Note that if U is a countable-dimensional complex vector space and
(,): V. x U — C is a nondegenerate pairing, then we can set gl(V,U) = gl (C) to be the Lie
algebra V' ® U with the bracket induced by the product

(’U1 & ul)(vg & UQ) = (1)1, u2>v2 X ui.

Then gl(V,V,) is a particular case of this construction, where nondegenerate paring V' x V, — C is
given by (v, a) = a(v).

Now, if 8 is symmetric (respectively, skew-symmetric) nondegenerate bilinear form on V', then g
defines a nondegenerate pairing V' x V' — C, and we can identify so.(C) (respectively, sp.(C)) with
the Lie subalgebra so(V, V) = A®V (respectively, sp(V, V) = Sym? V) of the Lie algebra gl(V, V).

Given a nondegenerate pairing (-,-): V x U — C and a subspace F of V or U, we denote by F* the
(-, -)-orthogonal complement of F'in U or V. (If the pairing is given by a nondegenerate symmetric or
skew-symmetric bilinear form £, this definition coincides with the definition of F* given is Section 2.)
To each chain C of subspaces of V one can assign the chain C+ = {F*, F € C} of subspaces of U, and
vice versa.

A subspace F' C V is called closed (in the Mackey topology on V) if F = F, where F = F+ is
called the closure of F. A generalized flag F = {F],, F/}nca in V is called semiclosed if

F| e {F,, F}

for all « € A. A semiclosed generalized flag F is closed if, in addition, F/ = F” for all o € A. Note that
if a generalized flag F in V' is weakly compatible with the basis E defining V,, then & is automatically
closed.

Note that each of spaces V and U is a gl(V,U)-module. Hence gl(V,U) naturally acts on chains
in V and U, and the stabilizer Stab & of a generalized flag F of V in gl(V,U) is given by formula

StabF =Y Fl @ (F,)".
acA
If g = s0(V, V) or sp(V, V), then we write St = StabF N g.
The following result describes Borel subalgebras of classical infinite-dimensional simple Lie algebras
(or, equivalently, Borel subgroups of classical ind-groups), see [DC, Theorems 4.3, 4.10, 4.16].

Theorem 4.10. i) Suppose g = gl(V, Vy) (respectively, sp(V,V) or so(V,V)). A subalgebra b of g
is a Borel subalgebra if and only if b is a stabilizer of a mazimal closed (respectively, of a maximal
closed isotropic) generalized flag in V. ii) For g = gl(V, Vi) (respectively, g = sp(V,V)), the map
F — Stab JF (respectively, Fl — Stgr) from the set of maximal closed (respectively, the set of mazimal
closed isotropic) generalized flags in V' to the set of Borel subalgebras of g is bijective. For g = so(V, V),
a fiber of the map F +— Stgr from the set of maximal closed isotropic flags in 'V to the set of Borel
subalgebras of g contains at most two elements.

(An explicit description of fibers of the latter map is given in [DC, Subsection 4.2].)

Definition 4.11. We say that two semiclosed generalized flags F and G in V' and U respectively form
a taut pair if the chain F+ (respectively, G1) is stable under Stab G (respectively, under Stab ). Given
a nondegenerate symmetric or skew-symmetric form g on V, we say that a semiclosed generalized flag
F is self-taut if F- is stable under the stabilizer of F in gl(V, V) (i.e., if the generalized flag F form a
taut pair with itself).

To each taut pair F, G one can assign a subalgebra Sty g = Stab FNStab G and a certain subalgebra
(Stgg)— defined in [DCP, p. 23|. If F is a self-taut generalized flag in V and g = so(V, V') or sp(V, V),
then we write (St)_ = (Stg,#)— N g. The following result describes parabolic subalgebras of classical

infinite-dimensional simple Lie algebras (or, equivalently, parabolic subgroups of classical ind-groups),
see [DCP, Theorems 5.6, 6.6].

Theorem 4.12. i) Let g = gl(V, Vi) or sl(V,V,), and p be a subspace of g. Then p is a parabolic
subalgebra of g if and only if there exists a (unique) taut couple F, G such that (Stgg)— C p C Stgg.
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ii) Let g =s0(V,V) orsp(V,V), and p be a subspace of g. Then p is a parabolic subalgebra of g if and
only if there ezists a (unique) self-taut generalized flag F in V' such that (Stgr)_ CcpcC Stgr.

Example 4.13. Let V = (eq, a € Q)c, U = (f3, B € Q)c, and

<eaaf/3’> = {

Then (-,-) is a nondegenerate pairing, so gl(V,U) = gl (C). For o € Q, put F), = (ey, 7 < a)¢ and
Fl! = (ey, v < a)c. Then F = {F),, F//}ocq is a maximal closed generalized flag in V. Its stabilizer
b in gl(V,U) is a Borel subalgebra of gl(V,U) which contains no nonzero semisimple elements and,
consequently, no nonzero toral subalgebras.

1, ifa>p,
0, ifa<p.

Note that, for a non-splitting parabolic subgroup P of G, G/P can be endowed with an ind-variety
structure. These ind-varieties have not been yet explored. The main difference with the splitting case
is that P N G, is not necessarily a parabolic subgroup in G,,, hence G/P is not exhausted by compact
varieties. The role of arbitrary nonsplitting Borel subgroups and subalgebras in representation theory
also remains unclear.

5. SCHUBERT DECOMPOSITION

In the finite-dimensional setting, Schubert decomposition plays a central role in the study of the
geometry of flag varieties.

Recall the definition of G, from Section 2. Fix a maximal torus H, of the group G,, a Borel
subgroup B, of Gy, containing H,,, and a parabolic subgroup P, of G,, containing B,,. Let G,,/ P, be the
corresponding flag variety. Denote by Ng, (Hy,) the normalizer of H,, in G,,. Then W,, = N¢, (H,,)/H,
is the Weyl group of G,. Since H, and B,, are fixed, we have a set of simple generators of W,, and,
consequently, a length function ¢, and a Bruhat order <, on W,. The details see for instance in [Bou]
or [BB]J.

Given w € W,,, we denote by w an arbitrary representative of w in Ng, (Hy,). Let F,, € G,,/P,, be
the flag in V' whose stabilizer Stabg, J,, in G,, is P,. Denote by Wp, the parabolic subgroup of W,
corresponding to Py, and by W the set of minimal length representatives in the right cosets of Wp,
in W,, (W is in bijection with Wp, \W,,). Then for the W,,-action on G,,/P, we have wG = w(G),
G € G,/ P,. In what follows we write F,, = w%F, for w € W,,. The description of B,-orbits on G, /P,
is given by the following Schubert decomposition:

Gn/Pn= || BuFu.

weW Pn

Furthermore, each Schubert cell X, = B,J,, is isomorphic to the affine space AW and, given o,
T € Wp, the Schubert cell X9 is contained in the Schubert subvariety X, (by definition, X, is the
closure of X? in G,,/P,) if and only if ¢ <,, 7. The Bruhat decomposition of G,, claims that

G, = |_| By P,
weW Pn

In this section we show how these classical results can be extended to the case of ind-varieties of
generalized flags. This material is based on the paper [FP1].

5.1. Analogues of the Weyl group. In this subsection we present some combinatorial results
which are analogues to the Weyl group combinatorics used in usual Schubert calculus. Denote by
W = W(FE) the group of permutations of F which fix all but finitely many elements of E. In the
isotropic case we assume in addition that each w € W commutes with the involution ig. Note that
W = lim W,,, where H is the splitting Cartan subgroup of G consisting of all diagonal operators from
G with respect to E, H, = H N G,, and the embedding W,, < W41 is induced by the embedding
H, — Hy4. It is also not difficult to check that W = Nq(H)/H, where Ng(H) denotes the normalizer
of H in the ind-group G.
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Next, let B and P be a splitting Borel and a splitting parabolic subgroup of G containing H
respectively. (We do not assume that B is conjugate to a subgroup of P!) For brevity, denote by F¢
the ind-variety of generalized flags F¢(F, F) (or FU(F, 5, F) in the isotropic case). As we know from
Theorem 4.8, there exists a unique generalized flag G € J¥ such that P = P; = StabgG. We may
assume without loss of generality that G = &, i.e., that P = Ps.

Recall the linearly ordered set A from Section 2. Set S to be the set S(E,.A) (respectively, the set
S(E, 3,.A)) to be of all surjective maps from E to A (respectively, all surjective maps o from E to A
satisfying o oip =i4 00). To each 0 € S we assign the generalized flag

970:{9::7.047 Stzlf,7a7 aEA}7

where

F,a=(e€E, ole)<a)c, T, ,=(e€E, o) <a)c.
In this way, {F,, 0 € S} are all generalized flags from F¢ compatible with the basis E. (One should
apply Lemma 2.9 to check this in the isotropic case.)

Let 0p € S be the unique surjection such that ¥ = F,,. Then o( defines a partial order <p on the
basis E by letting e <p €’ if og(e) < og(€’). This partial order has the property that the relation “e = ¢’
or e is not comparable with ¢” is an equivalence relation on E. In fact, fixing a splitting parabolic
subgroup P of G containing H is equivalent to fixing a partial order <p on E with this property.
Moreover, P is a splitting Borel subgroup if and only if the order <p is linear.

We say that a pair (e, e’) € E x E is an inversion for a surjection o € S if e <p €’ and o(e) > o(¢’).
(In the isotropic case we assume in addition that e <g ig(e’) and €’ # ig(e’).) Note that the group W
acts on S by

wW-0=00 w_l,
and that if o belongs to the W-orbit of g, then the condition o(e) > o(€’) is equivalent to the condition
w(e) >p w(e') where 0 = w1 - 5g. The inversion number of o € S is

n(o) =nk(o) = #{(e,¢’) € E x E | (e,¢') is an inversion of o}.

Of course, n(o) can be infinite.
The inversion number cannot be directly interpreted as Bruhat length because we do not assume B
to be conjugate to a subgroup of P. Nevertheless, we put

E={(e,d) e E'x E'|e#¢},
where, by definition,

{e€ Ele#ig(e)} for SOx(C) and Sp,,(C).

Let t. e be the permutation of E such that t. . (e) = €, t(€') = e and t. o (e”) = €’ for all other
e’ € E. Set

, {E for GLoo(C) and SLag(C),

teer O tig(e)in(erys if € # ip(e) in the isotropic case,
Se.el = ’
e lee otherwise.

Clearly, {sce/, (e,€') € E} is a set of generators of W.
Now we denote

Sp ={See | e, ¢ are consecutive elements of the partial ordered set (E',<p)}.
In general, Sp does not generate W. For an element w € W, we define

lw) =Llp(w) = {

min{l > 0 | w = s;...s; for some s1, ..., s; € S}, if such an [ exists,

o0 otherwise.
Note that W,, can be considered as the subgroup of W generated by the set
SB ={see | e, € are consecutive elements of (E, N E', <p)},

which is a set of simple generators of W,,. Let £,, be the corresponding length function on W,,.
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Proposition 5.1. Let w € W. Then
i) l(w) = nlLHgO lp(w);
i) L(w) = nB(w™t - og);
iii) ¢(w) = oo if and only if there exists e € E
such that the set {¢' € E| e <p e <pw(e)} is infinite.

See [FP1, Proposition 8| for the proof of this proposition.
Corollary 5.2. The following conditions are equivalent:

i) Sp generates W,
ii) (w) < oo for allw € W,

iii) (E,<p) is isomorphic as an ordered set to a subset of Z.

PROOF. The equivalence i)<ii) is immediate. Note that condition iii) is equivalent to requiring
that, for all e, €’ € E, the interval {¢” € E | e <p €’ <p €'} is finite. Thus the implication iii)=-i)
is guaranteed by Proposition 5.1 iii). Conversely, if ii) holds true, then we get ¢(s. ) < oo for all
(e,€') € E, whence, again by Proposition 5.1 iii), the set {¢” € E | e <p ¢” <p €'} is finite. This
implies iii). O

Let w denote a representative of w in Ng(H).

Proposition 5.3. Let w € W. Then

i) B C wPw™" if and only if n5(w - 0g) = 0;
ii) there exists w € W such that B C wPw ™t if and only if

there exists w € W such that nh(w™! - o) < oc.

PROOF. i) By the definition of the generalized flag F,,, the condition B C P is equivalent to the
condition that the linear order <z on F refines the partial order <p on E, i.e., that e <p €’ implies
e <p € for all e, ¢ € E. The latter condition is equivalent to the condition that the map oq is
nondecreasing, i.e., that e <p €’ implies og(e) < ao(€’) for all e, ¢ € E. Since

WP = Stabg T .oy,

part i) follows.
ii) Part i) implies that if B C wPw ™!, then n5(w™! - 0y) < oco. For the proof of the remaining
implication, see [FP1, Proposition 9|. O

5.2. Schubert decomposition. Denote by Wp the subgroup of W consisting of all ¢ € W satisfying
w-og = 0. It is straightforward to check that the map w +— F,,.,, induces a bijection between the left
coset space W/Wp and the set of E-compatible generalized flags from FY.

We now define a partial order on & analogous to the Bruhat order. Let o, 7 € S. We write 0 — 7
if there exists (e,¢’) € E such that e <p ¢/, o(e) < o(¢/) and 7 = 5 o See. We set o < 7 if there exist
k > 1 and elements 711, ..., 7z € S such that

O—TL — ... > Tp=T.

Given a generalized flag G = {G,, G, a € A} € FI, we define a map og: E — A which measures
the relative position of G to the maximal generalized flag Fy, where B = StabgJFy. Namely, for an
arbitrary e € F, set

og(e) =min{a € A| Gy, NFy, # Gy NFy . }.
Here 5o = {Fy ., Iy, e € E} and

Fé’e =( e E| <pe)c, Fé{e =(' e E|d <pe)c.
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It can be checked directly that og belongs to S; furthermore, o € Woy where Wog = {w- 09, w € W}
denotes the W-orbit of o.

We are now ready to formulate the main result of this section. Given a generalized flag G € F¢, we
denote by BG its B-orbit under the natural action of B on F¢. Let WP be a set of representatives of
the left coset space W/Wp.

Theorem 5.4. Let P = Py and let B be any splitting Borel subgroup of G containing H. Then

i) G/P=F= || BF,= || BFuo;
oceWoqo wew?P
ii) given o € Woy, a generalized flag G € FE belongs to BF,

if and only if og = o}
iii) for o € Woy, the orbit BF, is a locally closed ind-subvariety of FL
isomorphic to the affine space Ang(o);

iv) for o, T € Way, the inclusion BF, C BF, holds if and only if o < T.

PROOF. Consider the case of FU(F, F); the case of FU(F, 5, E) can be considered similarly.

i) The statement follows from the finite-dimensional Schubert decomposition of F¢,, = Fl(d,, V,,),
where d,, is the type of the flag F(n) = F NV, = {FNV,, F e F}. Indeed, if n is large enough so
that the flag G(n) = G NV, belongs to F¢,,, then the B,-orbit of G(n) contains a unique element of
the form Fy.o, NV, with w € W,.

ii) Let G € F¢. According to part i), there is a unique o € Woy such that G € BF,, say G = b(F,),
where b € B. Hence

GoNFy, =b(F, ,NFy.)and Gy N Fy, =b(F, ,NFy,) foralle € E, a € A,

because Fy , and Fy, are b-stable. This implies og = og,. Moreover, from the definition of F, we see
that Fy, N Fy, # Fy, N Fy . if and only if o(e) < a. Whence

o(e) =min{a € A| F] , NF, #F,,NFy .} =o05,(e) forall e € E.

Thus, og = 0. The equality og = ¢ guarantees in particular that og € S.

iii) The statement follows again from the finite-dimensional case. Note that, given w € W), the
image of the Schubert cell By, (Fy.0co N Vi) by the embedding ¢, is an affine subspace of the Schubert
cell Bpt1(Fwoo N Vit1)-

iv) We consider o, 7 € Woy, 0 < 7, and let n > 1 be such that F,(n) and F;(n) are contained in F7,,.
We may assume without loss of generality that o — 7, i.e., that 7 = gos, . for a pair (e, ') € ExE with
e <p € and o(e) < a(€’). Up to choosing n larger if necessary, we may assume that e, e’ € E,,. Then,

by finite-dimensional results, we get B,F,(n) C B,F,(n). Therefore, BF, C BF,. Conversely, assume
that F, € BF,. Then F,(n) € B,F.(n) for n > 1 large enough. Once again, by finite-dimensional
results, this yields ¢ < 7. The proof is complete. [l

In what follows, we call XJ = BJF, and X, = 73 the Schubert cell and the Schubert subvariety
of F¢ corresponding to o € S respectively.

The following corollary (the Bruhat decomposition of the ind-group G) is an immediate consequence
of the Schubert decomposition of F¢ established by the theorem above. Note that, in general, B is not
conjugate to a subgroup of P, so in fact one has many different Bruhat decompositions of G depending
on the choice of B and P.

Corollary 5.5. (Bruhat decomposition of the ind-group G) Let G be one of the ind-groups
GLx(C), SLa(C), SOx(C) and Spo(C), and P and B be respectively a splitting parabolic and a

splitting Borel subgroup containing H. Then we have a decomposition

G = |_| BwP.

weWr
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In general, the B-orbits in Theorem 5.4 are infinite dimensional. The following two results determine
the situations in which finite-dimensional orbits appear.

Theorem 5.6. Let G be one of the ind-groups GLx(C), SLoo(C), SOx(C) and Spo(C), and P
and B be respectively a splitting parabolic and a splitting Borel subgroup containing H. The following
conditions are equivalent:

i) B is conjugate via G to a subgroup of P;
ii) at least one B-orbit on G/P is finite dimensional;

iii) one B-orbit on G/P is a point (and this orbit is necessarily unique).

PrOOF. Condition i) means that there exists g € G such that B C gPg~!, or, equivalently, such
that the element gP € G/P is fixed by B, i.e., that G/P comprises a B-orbit reduced to a single point.
We proved the equivalence i)<iii). The implication iii)=-ii) is immediate, while the implication ii)=-1)
follows from Proposition 5.3 and Theorem 5.4. O

Corollary 5.7. Assume P # G. The following conditions are equivalent:

i) B is conjugate via G to a subgroup of P, and Fy is a flag;

ii) every B-orbit on G/P is finite dimensional.

PROOF. The implication i)=ii) is a consequence of Theorem 5.6, Corollary 5.2, Theorem 5.4 and
the following fact: if there exists wg € W such that ng (wo - 09) = 0 then, for all w € W,
nb(w™t-o9) = inf I(wow'w).
w' eWp
(See [FP1, Proposition 10] for the proof of this fact.)

Suppose that ii) holds. By Theorem 5.6, there exists g € G such that B C gPg~!, so we may
assume without loss of generality that B C P. Arguing by contradiction, assume that Fy is not
a flag, i.e., (F,<p) is not isomorphic to a subset of Z. Then there exist e, ¢/ € E such that the
set {" € E | e <p ¢’ <p €'} is infinite. Since the surjective map oy € S corresponding to P is
nondecreasing (see the proof of Proposition5.3) and nonconstant (because P # G), we find €,¢€ for
which e <p e <p ¢ <p € and o¢(€) < 0¢(€¢'). Thus, dim BF,.,,, = 0o for w = sgé by Theorem 5.4,
a contradiction. O

Example 5.8. (Schubert decomposition of ind-grassmannians) Let G = GLy(00), SLo(C).
Consider the case of Gr(F, E), i.e. let

F={{0} c FcCV}
Here A = {1,2}, and if ¥ is compatible with F, then the surjective map og: E — A for which
F = (e € E | op(e) = 1)¢ can be simply viewed as the subset oy C E such that F' = (o¢)c. Hence we
can identify S with the set S(E) of subsets of F, and this identification is W-equivariant. Note that
Woog={0€S(FE)||o\ ool =log\ | <o}
We will write F,, = (0)¢ for o € S(E).

i) First, suppose that dim F' = k < co. Then Gr(F, E) = Gr(k). Denote by S;(E) the set of all subsets

of E of cardinality k. According to Theorem 5.4, Gr(F, E) = |,cs,(g) BFo. The cell X3 = B, is

finite-dimensional if and only if o is contained in a finite ideal of the ordered set (F, <p). It follows that
there are finite-dimensional B-orbits on Gr(F, E) if and only if the maximal flag Fy corresponding to
B contains a k-dimensional subspace. By Theorem 5.6, in the latter case B is conjugate to a subgroup
of StabgF. Moreover, all cells X2 are finite dimensional if and only if (F,<p) is isomorphic to Z¢ as
an ordered set, i.e., if and only if Fy has the form Fy = {Fpo C Fo1 C ...} with dim Fp; = i.

ii) Next, suppose that codim v F' = k < co. Again, Gr(F, E) = Gr(k). If, as above,

Fo = {Fo’() C FO,l C.. .},

where dim Fp; = i for all 4, and B = StabgJy, then Theorem 5.6 implies that all B-orbits on Gr(F, E)
are infinite dimensional. However, if B’ is the stabilizer of a maximal generalized flag containing
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a subspace F” such that the flag {{0} C F’' C V} is E-commensurable with JF, then there exist
finite-dimensional B’-orbits on Gr(F, E'). Moreover, there is no Borel subgroup which has only finite-
dimensional orbits on both ind-grassmannians from i) and ii).

iii) Finally, suppose that both dim F' and codim y F’ are infinite, so Gr(F, E) = Gr(co). Assume that
the basis E is parameterized by Z. We consider the splitting Borel subgroup B C G corresponding to
the natural order on Z. If F' = (e;, @ < 0)c then B C Stabg3J, hence every B-orbit on Gr(F, E) is
finite dimensional. On the other hand, if F' = (e2;, i € Z)c, then every B-orbit on Gr(F, E) is infinite
dimensional.

5.3. Smoothness of Schubert subvarieties. In this subsection we study the smoothness of
Schubert subvarieties X, = BJ, of the ind-variety F¢, where 3¢ = FU(F, E) or F¢ = FU(TF, B, E).
The general principle is straightforward: X, is smooth if and only if its intersections with suitable
finite-dimensional flag subvarieties of F¢ are smooth.

For classical finite-dimensional groups there is a remarkable characterization of smooth Schubert
subvarieties of flag varieties in terms of pattern avoidance (see, e.g., |[BL, Chapter §8|). For example,
if G, = SL(V,,) (an hence the Weyl group W, is isomorphic to the symmetric group S, ), then, given
o € Wy, the Schubert subvariety X, of the flag variety G,,/B,, is smooth if and only if o avoids the
patterns 3412 and 4231, i.e., there are no ¢, j, k, [, ¢ <i < j <k <l < dimV,, such that

olk)<o(l)<o(i) <o(j)oro(ll) <o(j) <o(k)<a(i).

The notion of smooth point of an ind-variety is given in Subsection 2.1. It is known [Ku] that if X
is and-variety with exhaustion Un21 X, by its finite-dimensional subvarieties, x € X, and there exists
a subsequence {X,, }x>1 such that z is a smooth point of X,,, for all k > 1, then z is a smooth point
of X. For example, A* and P* are smooth ind-varieties.

The converse of the statement above is clearly false. For instance, for every n fix an embedding
A" — A"*1 Pick a point x € A, and for each n > 1 let X/, € A"*! be an n-dimensional subspace of
A" containing x and distinct of A”. Now, if we set X,, = X/ UA", then the subvarieties X,, exhaust
the smooth ind-variety A® but z is a singular point of every X,,. Nevertheless, the following partial
converse is true: if each embedding X,, <— X, 1 has a left inverse in the category of algebraic varieties,
and z € X is a singular point of X, for some n > 1, then x is a singular point of X [FP1, Lemma 6].

The singularity criterion given below requires a technical assumption on B and F,. We assume that
at least one of the following conditions holds: JFp is a flag, or F; is a flag and dim F,,/F, , < oo
whenever {0} # F, , C F;! # V. For example, this holds for ind-grassmannians. Recall the notion of

F7,, and 3’65 from Section 2; the intersection X, , = X, N JF¥, (respectively, X;, = Xo N %5) is a

Schubert subvariety of F¢,, (respectively, of %2) in the usual sense. By Sing(X) we denote the set of
singular point of a variety or an ind-variety X.

Theorem 5.9. Let G be one of the ind-groups GLx(C), SLeo(C), SO (C) and Sp.(C), and B,
Fo, Fo be as above. Then exactly one of the two following statements holds:

i) the variety Xoy, is smooth for all n, and the ind-variety X, is smooth;
ii) there exists ng > 1 such that the variety Xy is singular for all n > ng,

and the ind-variety X, is singular with Sing(X,) = U Xon-

n=ngo

See [FP1, Theorem 4| for the proof of this theorem. We do not know whether Theorem 5.9 is valid in
general, i.e. without conditions on Fy and &, .

Example 5.10. It turns out that the smoothness criteria for Schubert subvarieties of finite-
dimensional flag varieties in terms of pattern avoidance may pass to the limit at infinity. For instance,
let ¥ = F, be a maximal generalized flag compatible with E. In this case we have two linear orders on
E: the first one <pg corresponds to the splitting Borel subgroup B, while the second one <p corresponds
to the splitting parabolic (in fact, Borel) subgroup P = P, i.e.,

Fl=(/e€E|d<pe), F/=(/ € E|c <pe)c.

e
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From Theorem 5.4 we know that the Schubert ind-subvarieties X, of F¢(J, E) are parameterized
by the elements of Woy, where og: E — A is the surjection corresponding to ¥ = Fy,. Since J is
maximal, A = F and o is a bijection, so if 0 € Wayg, then o € W. We now also that, given ¢ € W,

dim X, = nh(0) = #{(e,¢') € E| e <p €, a(e) >p a(e)}.

It follows from Theorem 5.9 and from the finite-dimensional criterion that if Fy is a flag, or F is a
flag and dim F/ ,/Fy , < oo whenever {0} # F, , C F, # V, then the Schubert ind-subvariety X,
is singular if and only if there exist ej, es, e3, eq4 € E such that e; <p ea <p e3 <p e4 and o(e3) <p
o(eq) <p o(er) <p o(ez) or o(eq) <p o(e2) <p o(es) <p o(e1). In particular, if the basis F' comprises
infinitely many pairwise disjoint quadruples e1, es, e3, e4 € E such that ey <p es <p e3 <p e4 and,
say, o(es) <p o(eq) <p o(e1) <p o(ez), then for every o the Schubert ind-subvariety X, is singular.
Hence there exist pairs (B, J) for which all Schubert ind-subvarieties of the corresponding ind-variety
of generalized flags are singular.

5.4. Concluding remarks. The main difference with the finite-dimensional case is that an ind-
variety of generalized flags G/P admits many non-conjugate Schubert decompositions. This is a
consequence of the fact that the Borel subgroups B, whose orbits on G/P form Schubert decomposi-
tions, are non-conjugate under the group of automorphisms of G. In particular, the infinite-dimensional
projective space admits a Schubert decomposition with all finite-dimensional cells, as well as a Schubert
decomposition with all infinite-dimensional cells.

We note that in the finite-dimensional case, in addition to the group-theoretic point of view on
Schubert decomposition which we adopt here, there is also the purely geometric approach of fixing a
reference maximal flag and studying in what ways a varying flag (in other words, a point on G,,/P,,)
differs from the reference flag. This approach is also valid in the case we consider: the reference
generalized flag (possibly, containing G/P as a subchain) can be chosen to be B-stable. The resulting
theory is equivalent to the one presented above.

6. FINITE-RANK VECTOR BUNDLES

In this section we consider two related topics. First, we discuss an infinite-dimensional analogue of
the Bott—Borel-Weil theorem. We also establish projectivity criterion for G/P: the ind-variety G/ P is
projective if and only if P = Py, where ¥ is a flag. Next, the Barth—Van de Ven—Tyurin—Sato theorem
claims that any finite rank vector bundle on P*° is isomorphic to a direct sum of line bundles. We present
a generalization of this result to a large class of ind-varieties, in particular to the ind-grassmannian
Gr(co). The material of this section is taken from the papers [DPW], [PT2].

6.1. Bott—Borel-Weil theorem. We first recall the classical Bott—Borel-Weil theorem. Here we
assume that G,, is a connected simply-connected simple algebraic group, B,, is a Borel subgroup and P,
is a parabolic subgroup containing B,,. More precisely, G,, = SL,,(C), Spin,,(C) or Sp,,,(C). (The group
Spin,, (C) is the universal cover of SO, (C), and in this subsection we replace SO, (C) by Spin,,(C).) It is
a well-known theorem that the Picard group Pic G, /B,, is identified with the lattice of integral weights
of gy, via the correspondence A — O(\), where O(A) is the line bundle induced from the character of
B,, whose differential restricted to the Lie algebra b,, of a maximal torus H,, contained in B,, coincides
with A. In particular, every line bundle on G,,/B,, admits a canonical G,-linearization.

For an integral weight A € b}, consider the weight A\ + p, where p is the half-sum of the positive
roots of G, with respect to By. If A + p is regular, then there is a unique element w) in the Weyl
group W, of Gy, such that wy(\ + p) is dominant. The following theorem computes the cohomology
groups H1(G, /By, O(—\)) for all integral weights A (the consideration of O(—\) instead of O(\) is
convenient in the isomorphism (7) below).

Theorem 6.1. (Bott—Borel-Weil) Let A be an integral weight. If A+ p is not regular, then
HYG,/Bn,O(=X)) =0 forq=0, ..., dimG,/By,,
i.e., the sheaf corresponding to the line bundle O(\) is acyclic. If X+ p is regular, then
HY(Go/ B, O(=N)) = 0 for g # l(wy),
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where l(w)) is the length of wy with respect to the simple roots of By,. For ¢ = l(w)), there is a canonical
G -isomorphism

HY(Gp/Bn, O(=X)) =V (1), (7)
where = w(A+ p) — p and V(p) is the simple G,,-module with highest weight p.

This theorem allows to compute also the cohomology of any finite-rank vector bundle on G, /P,
which is simple as a linearized Gj,-vector bundle, i.e., is induced from a simple finite-dimensional
P,-module. Note that any such bundle has the form p,O()) for an appropriate weight A\, where
p: G, /B, — G, /P, is the canonical epimorphism.

Theorem 6.2. For any A such that p,O(—\) # 0, there is a canonical isomorphism of Gy-modules
Hq(Gn/Bna O(_)‘)) = Hq(Gn/Pnap*O(_)‘))
for any q > 0.

Theorem 6.1 was proved by R. Bott in [Bot]| (the case ¢ = 0 was due to A. Borel and A. Weil). An
alternative proof (which we strongly recommend to the reader) was given by M. Demazure in [Del],
and was then shortened in [De2].

We now turn our attention to the infinite-dimensional situation. Let G be the inductive limit of G,,,
i.e. G = SLuo(C), Spin,(C), Spo(C). In particular, the ind-group Spin,,(C) is well defined as there
are natural injective homomorphisms Spin,,(C) < Spin,, ;;(C) for n > 3.

Note that the Picard group of G/P is naturally isomorphic to the projective limit I'&nPic G/ P, of
Picard groups. Moreover, the groups Pic F¢(F, E) and Pic FU(F, 8, E) are naturally isomorphic to the
respective groups of integral weights of the Lie algebra of the ind-group P = Ps.

Indeed, it is well known that

Pic (Gp/P,) & Hom(P,,C*),

where Hom(P,,C*) denotes the group of morphisms from Py to the multiplicative group of C.
Immediate verification shows that the diagram

Pic (Gny1/Pas1) — Hom(P, i1, C)

| |

Pic (Gp/P,) —— Hom(P,, CX)

is commutative. Thus,
PicG/P =lim Pic G, /P, = II&HHOHI(Pn,(CX) = Hom(P,C*),

and the latter group is nothing but the group of integral weights of the Lie algebra of P = Py. (See
[DP1, Proposition 7.2] and [DPW, Proposition 15.1] for the details.)

Let us now specialize to the case P = B for an arbitrary splitting Borel subgroup B of GG containing
a fixed Cartan subgroup H = lian, where H,, is a Cartan subgroup of G,, for all n > 1. Let b be
the Lie algebra of H. A weight A € b* is integral if, for any n > 1, its restriction )\|hn is an integral
weight of g, where b, is the Lie algebra of H,. An integral weight A € b* is regular if its restrictions
Aly,, are regular for all n.

Let A be an integral weight of g. Then, using our description of the Picard group of G/B, we see
that the line bundles O(A|, ) form a well-defined projective system. We denote the projective limit by
O(N).

We now turn our attention to the cohomology groups H4(G/B,O(—\)). A first natural question is
whether the group H(G/B, O(—A)) is the projective limit of the groups H(Gy,/ By, O(=Aly ). This
question is answered affirmatively by use of the Mittag-Leffler condition which we now state.

Let X = lian be an ind-variety, and

g v et Qg
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be an projective system of sheaves of Ox-modules such that the support of ¥, is contained in X,,.
Assume that for some ¢ > 0 the projective system of vector spaces

q q
L X, F,) S HY(X, F) S 0

satisfies the condition that for every n the filtration on the vector space H?(X,J,) by the subspaces
(mo...0Cut1(HY(X,F,)) is eventually constant (Mittag-Leffler condition). Then there is a canonical
isomorphism

HI(X, lim F,) = lim HY(X, ). (8)

Furthermore, assume that an ind-group G’ = hﬂ G, acts on X (in the category of ind-varieties) so that
G], acts on X,,. If the sheaves F,, are G/ -sheaves and the morphisms ¢, are morphisms of G} -sheaves,
then the isomorphism (8) is an isomorphism of G’-modules. A standard reference for the Mittag-Leffler
condition is [Ha| (see also [DPW]).

The Mittag-Leffler condition is obviously satisfied in our case since the varieties X,, = G, /B, are
compact and, consequently, the vector spaces H(Gpn/Bpn, O(—Aly )) are finite dimensional.

A next natural question is for which A and ¢ is the cohomology groups H?(G/B,O(—\)) nonzero.
The answer is given by the following theorem.

Let W = lim Wy, be the group defined in Subsection 5.1. Recall the definition of £ p(w) for w e W
from Subsection 5.1. We say that an integral weight v is B-dominant if its restrictions V|hn are By,-
dominant for all n. If v is a dominant integral weight, then the finite-dimensional G,-modules V (v[4 )
form a inductive system, and the corresponding inductive limit G-module liﬂV(Vh)n) is denoted
by V(v).

Theorem 6.3. The group H1(G/B,O(—\)) is nonzero if and only if there exists w € W of length
Up(w) = q such that p=w(A) = X qep+, w(ayge+ @ s @ dominant integral weight. In this case,

HYG/B,0(=\)) = V(u)*.

Note that in the finite-dimensional case, w(X) = > e+, w(a)ga+ @ = W(A+p) — p, so this condition
on i is completely analogous to the finite-dimensional condition. It is also easy to see that the pair
(w, q) is unique whenever it exists, so O(—\) has at most one nonvanishing cohomology group.

Informally, one may say that O(—2A) is acyclic unless the weight A is almost dominant, i.e., there is
a dominant weight 4 of the form p = w(X) =3 co+, w(a)ge+ @ for w € W. In this way, “most” sheaves
of the form O(—\) are acyclic.

Theorem 6.3 follows from more general results proved in [DPW]|. More precisely, Theorem 6.3 is
a direct corollary of [DPW, Proposition 14.1|. Let us note that in [DPW]| much more general G-line
bundles on G/P are considered. These bundles are induced from (possibly infinite-dimensional) pro-
rational P-modules which may or may not be dual to highest weight P-modules. Therefore, the theory
built up in [DPW] is analogous to considering the bundles of the form p,O(—\) as in Theorem 6.2. Not
that in recent paper [HP] cohomologies of equivariant finite rank vector bundles on G/P are studied.

In the finite-dimensional case, any line bundle O(—\) on G, /P, with H°(G,/P,, O(=\)) # 0
induces a morphism from G, /P, to the projective space P(V(A)). This morphism is an embedding if
the weight ) is regular. A similar statement holds for G/ P, namely, if H°(G/P,O(—\)) # 0 then O()\)
induces a morphism jy from G/P to the projective ind-space P(V())). However, not for all P there
exists a line bundle O(—A\) such that A is regular and B-dominant for a Borel subgroup B contained
in P. The following theorem is the precise result in this direction, see [DPW, Section 15].

Theorem 6.4. The morphism jy is an embedding if and only if X is regular dominant integral for
some Borel subgroup B C P. Such a weight A exists if and only if P = Py where ¥ is an E-compatible
flag in V. The ind-variety G/ P is projective if and only if P = Py for & as above.

As a consequence, most ind-varieties F¢(F, E) are not projective as the condition for F to be a flag
is very restrictive.
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6.2. Vector bundles. A classical result of G. Birkhoff and A. Grothendieck claims that each any
(finite-rank) vector bundle on P! is isomorphic to a direct sum of line bundles O(n), n € Z. For
n > 2 the classification of vector bundles of finite rank on P" remains unfinished. On the other hand,
a remarkable theorem of Barth-Van de Ven—Tyurin—Sato states that any finite rank bundle on the
ind-variety P*° is isomorphic to a direct sum of line bundles. For rank-two bundles this was established
by W. Barth and A. Van de Ven in [BV], and for finite rank bundles it was proved by A.N. Tyurin in
[Ty] and E. Sato in [Sa].

Here we present the results from [PT2] establishing sufficient conditions on a locally complete linear
ind-variety X which ensure that the Barth—Van de Ven—Tyurin—Sato Theorem holds on X. We then
show a class of ind-varieties of generalized flags which satisfy these sufficient conditions.

Let an ind-variety X be the inductive limit of a chain of embeddings

DERLD CREUNREELD SRS SIPRCESIN
of complete algebraic varieties (we call such ind-varieties locally complete). By Ox = @10){n we
denote the structure sheaf of the ind-variety X.

Definition 6.5. A vector bundle Q of rank r € Z~g on X is the projective limit ) = @Qn of an
projective system of vector bundles @Q,, or rank r on X, i.e., of a system of vector bundles @, with
fixed isomorphisms

Yt Qn = 07 Qn1.

(We consider only vector bundles of finite rank.) Here and below ¢* stands for the inverse image of
vector bundles under a morphism .

We call the ind-variety X linear (cf. Subsection 3.1) if, for large enough n, the induced homomor-
phisms of Picard groups ¢} : Pic X,,4; — Pic X,, are epimorphisms. Any ind-variety of generalized
flags is linear. To formulate the main result of this subsection, we need the following three technical
conditions.

First, let X = lim X,, be a linear ind-variety such that Pic X, is a free abelian group for all n. Assume
that there is a finite or countable set O x and a collection {L; = @ L n}ico of nontrivial line bundles
on X such that, for any n, L; , = Ox,, for all but finitely many indices i1(n), ..., (,)(n), and the images
of L, (n)ms -+ Lij(m(n),n in Pic X,, form a basis of Pic X,;. In this case Pic X is isomorphic to a direct
product of infinite cyclic groups which generators are the images of L;. Denote by &) L;@ai the
line bundle on X whose restriction to X,, equals

®a; _ (M ®ai ()
®i€@x Li,n - ®k:1 sz(n),n :
We say that X satisfies the property L if, in addition to the above condition,

Hl(Xn’®ie®X LE%) =0

1€EO x

for any n > 1 if some a; is negative.
Assume that X satisfies the property L. For a given i € ©x, a smooth rational curve C = P! on X
is a projective line of the i-th family on X (or, simply, a line of the i-th family), if

Lj‘C = Opl((sz‘hj) for allj € @X,

where 9; ; is the usual Kronecker delta. By B; we denote the set of all projective lines of the i-th family
on X. It has a natural structure of an ind-variety: B; = liﬂBm, where B; , = {C € B; | C C X,,}. For
any point x € X the subset B;(z) = {C € B; | C 5 z} inherits an induced structure of an ind-variety.

Assume also that for any ¢ € ©x there exists an ind-variety II; which is a inductive limit of a chain
of embeddings

B 5,1 5,2 Ti,n—1 Ti,n Tin+1
Plz"l — H,L"Q — ... = Hi,n — Hi,nJrl — ..,

where the points of 1I; , are projective subspaces P of B; ,,, together with linear embeddings

Py PMntl — Tin (]P)mn)
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induced by the embeddings B;, < B;,+1, so that each point of II; is considered as a projective
ind-subspace P> = ligIP’m" of B;. Given x € X, consider the following conditions:

(A.i) for each n > 1 such that € X,,, each nontrivial sheaf L; ,, defines a morphism
Yin: Xp = Pim = P(HO(Xn, L;,)") which maps the family of lines B; ,,(x)
isomorphically to a subfamily of lines in P"*" passing through the point 1; ,(x);

(A.ii) the variety II; , (z) = {P™" € II;,, | P C B;n(x)} is connected for any n > 1,

(A.iii) the projective ind-subspaces P> € II;(z) = hﬂl’[m(aj) fill B;(x);
(A.iv) for any d € Zx there exists no(d) € Zs¢ such that, for any d-dimensional variety ¥

and any n > ng(d), any morphism II; ,,(z) — Y is a constant map.

In particular, (A.ii) and (A.iii) imply that the varieties IL;y,, Bim, Bim(x) are connected. If all these
conditions are satisfied for all x € X, we say that X satisfies the property A.

Finally, suppose that X satisfy the properties L and A as above. A vector bundle @) on X is called
Bi-uniform, if for any projective line P! € B; on X, the restricted bundle Q|p: is isomorphic to

@;k:? Op1 (k;) for some integers k; not depending on the choice of P!. If in addition all k; = 0, then
Q is called Bj-linearly trivial. We call @ uniform (respectively, linearly trivial) if @ is B;-uniform
(respectively, B;-linearly trivial) for any i € © x. We say that X satisfies the property T if any linearly
trivial vector bundle on X is trivial.

The main result of this subsection is as follows.

Theorem 6.6. [PT2, Theorem 1| Let QQ be a vector bundle on a linear ind-variety X. i) If X
satisfies the properties L and A some fized line bundles {L;}ico, and corresponding families { B;}ice
of projective lines on X, then Q has a filtration by vector subbundles

0=QCc@QiC...CcQ=0Q

with uniform quotient bundles Qr/Qr—1, 1 < k < t. i) If, in addition, X satisfies the property T then
the above filtration of Q splits and its quotients are of the form

Qr/Qk—1 =21k (Qr/Qk_1) ® Lok

1€EO x

for some a; ), € Z, 1 < k <t. In particular, Q is isomorphic to a direct sum of line bundles.

If X is one of linear ind-grassmannians Gr(k) or Gr®(k,oo) considered in Section 3, then there
exists the tautological bundle S on X with rk.S = k. For k£ > 2, this bundle is not isomorphic to a
direct sum of line bundles, hence the Barth—Van de Ven—Tyurin—Sato theorem does not hold for these
ind-grassmannians. On the other hand, the following theorem holds.

Corollary 6.7. i) Suppose that X = Gr(co), Gr® (o0, k), Grg(oo, k) or Grf(oo, k). Then any vector
bundle on X is isomorphic to @, Ox (ki) for some k; € Z. ii) Let X = FUTF, E), where F is a flag
in 'V such that codim pv F' = oo for all (F', F") € FT. Then any vector bundle on X is isomorphic to
a direct sum of line bundles.

PROOF. i) It follows from our description of Pic X that Pic X & Z and that any line bundle on
X is isomorphic to Ox(m), where by definition Ox(m)|x, = Ox,(m). Since Ox(1) is very ample,
condition (A.i) holds. It is checked in [PT2, Section 4| that conditions (A.ii)—(A.iv) also hold, and so
X satisfies the property A. The property T for X is verified in [PT2, Section 4] as well.

ii) It is shown in [PT2, Subsection 6.3| that X satisfies the properties L, A, T. O

A characterization of bundles on an arbitrary ind-variety of generalized flags remains unknown.
Nevertheless, the second author has made the following conjecture: if F is a maximal generalized flag,
then, for each finite-rank vector bundle @ on F¢(F, F), @ admits a filtration by subbundles so that
the successive quotients are line bundles.
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Note also that in [PT3| vector bundles on so-called twisted ind-grassmannians are studied. Twisted
ind-grassmannians are not ind-varieties of generalized flags: they are inductive limits lim X,, of grass-
mannians for nonlinear embeddings X,, < X,41. It is proved in [PT3| that any finite-rank vector
bundle on a twisted ind-grassmannian is trivial.

7. ORBITS OF REAL FORMS

In this section we fix a real form G of the group G' = SL(C) and study the structure of G%-orbits
on the ind-variety F¢ = FU(F, E). Our exposition is based on [IPW].

In the finite-dimensional setting, the study of orbits of real form of semisimple complex Lie groups
on their flag varieties has its roots in linear algebra. Witt’s Theorem claims that, given a finite-
dimensional vector space W endowed with a nondegenerate bilinear for (symmetric or skew-symmetric)
or a nondegenerate Hermitian form, two subspaces Wy, Wy of W are isometric within W (i.e., one is
obtained from the other via an isometry of W) if and only if W7 and Wj are isometric.

When W is a Hermitian space, this is a statement about the orbits of the unitary group U(W) on
the complex grassmannian Gr(k, W), where k = dim W7 = dim Ws. More precisely, the orbits of U (W)
on Gr(k, W) are parameterized by the possible signatures of a, possibly degenerate, Hermitian form
on a k-dimensional space of W.

A general theory of orbits of a real form G9 of a (finite-dimensional) semisimple complex Lie group
Gy, on a flag variety Gy, /P,, was developed by J.A. Wolf in [W1| and [W2|. This theory has become
a standard tool in semisimple representation theory and complex algebraic geometry. An important
further development has been the theory of cycle spaces initiated by A. Huckleberry and J.A. Wolf,
see the monograph [FHW].

Our main result in this section is the fact that any GY-orbit in G/ P, when intersected with a finite-
dimensional flag variety G,,/P, from a given exhaustion of G /P, yields a single G¥-orbit. This means
that the mapping

{GY-orbits on Gy, /P, } — {GY,1-orbits on Gyi1/Pry1}

is injective. Using this feature, we are able to answer the following questions.

1) When are there finitely many G-orbits on G/P?
2) When is a given G%-orbit on G/P closed?
3) When is a given G%-orbit on G/P open?

The answers depend on the type of real form and not only on the parabolic subgroup P C G. For
instance, if P = B is the upper-triangular Borel ind-subgroup of SLo(C) with positive roots {e; —¢;}
for i,j € Z~o, i < j, then G/B has no closed SU(c0, 00)-orbit and no open SL(oo, R)-orbit.

7.1. Finite-dimensional case. Let W be a finite-dimensional complex vector space. Recall that
a real structure on W is an antilinear involution 7 on W. The set WY = {v € W | 7(v) = v} is a real
form of W, i.e. W9 is a real vector subspace of W such that dimg W° = dimc W and the C-linear
span (W9 ¢ coincides with W. A real form W of W defines a unique real structure 7 on W such that
WY is the set of fixed points of 7. A real form of a complex finite-dimensional Lie algebra g is a real
Lie subalgebra g° of g such that g° is a real form of g as a complex vector space.

Let Gy, be a complex semisimple connected algebraic group and GY be a real form of G, i.e. G is
a real closed algebraic subgroup of G, such that its Lie algebra g¥ is a real form of the Lie algebra g,
of Gy,. Let P, be a parabolic subgroup of G, and G,,/P,, be the corresponding flag variety. The group
GY naturally acts on G,,/P,. In [W1] the following facts about the G2-orbit structure of G, /P, are
proved, see [W1, Theorems 2.6, 3.3, 3.6, Corollary 3.4| (here we use the usual differentiable manifold
topology on G,,/P,).
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Theorem 7.1. Let Gy, P, G be as above.

i) Each G°-orbit is a real submanifold of G,/ P,.

ii) The number of G2-orbits on G, /P, is finite.

iii) The union of the open G -orbits is dense in G,/ P,,.
iv) There is a unique closed orbit Q on G,/ P,.

v) The inequality dimg Q > dim¢ G,,/P,, holds.

Here is how this theorem relates to Witt’s Theorem in the case of a Hermitian form. Let W be
an n-dimensional complex vector space and G, = SL(W). Fix a nondegenerate Hermitian form w
of signature (p,n — p) on the vector space W and denote by G = SU(W,w) the group of all linear
operators on W of determinant 1 which preserve w. Then G is a real form of G,. Given k < n, the
group G, naturally acts on the grassmannian Gr(k, W) of all k-dimensional complex subspaces of W.
To each U € Gr(k,W) one can assign its signature s(U) = (a,b,c), where the restricted form w);;
has rank a + b with a positive squares and b negative ones, and ¢ equals the nullity of w|,;. By Witt’s
Theorem, two subspaces Uy, Us € Gr(k, W) belong to the same GO-orbit if and only if their signatures
coincide.

Moreover, one can verify the following formula for the number |Gr(k,W)/G2| of GO-orbits on
Gr(k,W). Set I = min{p, n — p}. Then

(—k? =212 —n?+2kn+2ln+k+n+2)/2, ifn—1<k,
|Gr(k, W)/GO = (1 +1)(2k — 1 +2)/2, ifl<k<n-—I,
(k+1)(k+2)/2, if k<1

A GY-orbit of a subspace U € Gr(k, W) is open if and only if the restriction of w to U is nondegenerate,
i.e., if ¢ = 0. Therefore, the number of open orbits equals min{k + 1,7 + 1}. There is a unique closed
GY-orbit © on Gr(k, W), and it consists of all k-dimensional subspaces of W such that ¢ = min{k,{}
(the condition ¢ = min{k,!} maximizes the nullity of the form w|, for k-dimensional subspaces
U C W). In particular, if &k = p < n — p then Q consists of all isotropic k-dimensional complex
subspaces of W. See [W1]| for more details in this latter case.

7.2. Orbits of real forms as ind-manifolds. Below we recall the classification of real forms of
G = SLy(C) due to A. Baranov [B]. By definition, a real ind-subgroup G° of G is called a real form
of G if G can be represented as a nested union G = (JG, of its finite-dimensional Zariski closed
subgroups such that G, is a semisimple algebraic group and G° N G, is a real form of G, for each n.
To define real forms of G, pick a basis &€ = {e1, €2, ...} of V and its exhaustion & = J,,5; €n by
finite subsets such that V,, = (€,)c and (.41 \ En)c = (Ent1 \ En)c for all n > 1. Recall that the
embedding G,, < G4 is given by the formula ¢ — @, where @(z) = ¢(x) for x € V;, and p(e) = e
for e € E'\ E,.

Fix a real structure 7 on V' such that 7(¢) = ¢ for all ¢ € €. Then each finite-dimensional space V;, is
7-invariant. Denote by GL(V,,,R) (respectively, by SL(V,,,R)) the group of invertible (respectively, of
determinant 1) operators on V,, defined over R. Recall that a linear operator on a complex vector space
with a real structure is defined over R if it commutes with the real structure or, equivalently, if it maps
the real form to itself. For each n, the map ¢ +— @ gives an embedding SL(V;,, R) < SL(V,+1,R), so
the inductive limit GO = lingL(Vn, R) is well defined. We denote this real form of G by SL(oco,R).

Fix a nondegenerate Hermitian form w on V. Suppose that its restriction w, = w|Vn is nondege-
nerate for all n, and that w(e,V,,) = 0 for ¢ € € \ &,. Denote by p, the dimension of a maximal
wp-positive definite subspace of V,,, and put ¢, = dimV;, — p,,. Let SU(py, g») be the subgroup of G,
consisting of all operators preserving the form w,. For each n, the map ¢ +— @ induces an embedding
SU(pn, gn) < SU(Pnt1,@ni1), so we have a inductive limit G° = ligSU(pn7 qn). If there exists p such
that p, = p for all sufficiently large n (respectively, if lim,,_,oc pp, = lim, 00 g, = 00), then we denote
this real form of G by SU(p, 00) (respectively, by SU (oo, o0)).
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Finally, fix a quaternionic structure J on V, i.e. an antilinear automorphism of V such that J? =
—idy . Assume that the complex dimension of V, is even for n > 1, and that the restriction J,, of J to
V,, is a quaternionic structure on V,,. Furthermore, suppose that

J(e2i—1) = —€2i, J(e2i) = €2i—1

for i > 1. Let SL(V},, H) be the subgroup of G,, consisting of all linear operators commuting with J,,.
Then, for each n, the map ¢ — @ induces an embedding of the groups SL(V,,,H) — SL(V,41, H),
and we denote the corresponding inductive limit by G° = SL(oco, H) = hﬂSL(Vn,H). The ind-group
SL(o0, H) is also a real form of G.

The following result is a corollary of [B, Theorem 1.4] and [DP2, Corollary 3.2].

Theorem 7.2. If G = SLy(C) then, up to isomorphism, SL(co,R), SU(p,00), 0 < p < o0,
SU(o0, ), SL(oo,H) are all distinct real forms of G.

Now, let F be a generalized flag compatible with the basis E, F¢ = FUF, E), and Ft,, = F(d,,, V,,),
where d,, is the type of the flag F N V,,. Then F¢ = hgl?ﬁn, where the embedding ¢, : F¢,, — Fl,11 is
given by formula (3) (or, equivalently, ¢, is the composition of embeddings given by formula (4)), see
Subsection 2.2.

Let GO be a real form of G (see Theorem 7.2). The group Gy, = SL(V},) naturally acts on F¢,,, and
the map , is equivariant: g - 1, (2) = 1,(9- ), g € G C Gpy1, ¥ € Fly,. Put also GY = G°NG,,. Then
GY is a real form of G,,. For the rest of the section we impose some further assumptions on V;,, which
we now describe case-by-case.

Let G° = SU(p, o0) or SU(00, 00). Recall that the restriction wy, of the fixed nondegenerate Hermitian
form w to V,, is nondegenerate. From now on we assume that if e € E, ;1 \ F, then e is orthogonal
to V;, with respect to wyy1. Next, let GO = SL(oco, R). Here we assume that m,, is odd for each n > 1,
and that (E,)g is a real form of V;,. Finally, for G® = SL(co, H), we assume that m,, is even for all
n > 1 and that J(eg;—1) = —eq;, J(e2;) = egi—1 for all i. These additional assumptions align the real
form G¥ with the ind-variety F¢.

Our main result in this section is as follows.

Theorem 7.3. If 1,(F¢,) has nonempty intersection with a Ggﬂ—orbit then that intersection is a
single G2 -orbit.

PROOF. The proof goes case by case. Here we consider the case G® = SU(0o,o0). The proof for
G° = SU(p, ), 0 < p < oo, is completely similar, while the proof for GY = SL(co,R) and SL(oo, H)
is based on other ideas, see [[PW, Theorem 3.1].

Pick two flags

D={{0} =Dy C Dy C...CDs=V,},
B={{0}=ByCcByC...C Bs=V,}
in ¢, such that D = 1,,(D) and B = 1,,(B) belong to a given G, 1-orbit. Let

D={{0}=DyC D C...C Ds="Vnn1},

B={{0}=ByC B, C...C Bs=Vnn1}.
There exists ¢ € SU(wp41, Vnt1) satisfying 95(25) = B, ie. @(51) = B;fori =0, ..., 5. To prove
the result, we must construct an isometry ¢: V,, — V,, satisfying ¢(D) = B. Of course, one can then

scale ¢ to obtain an isometry of determinant 1. By [Hu, Theorem 6.2|, an isometry ¢: V,, — V,, with
©(D) = B exists if and only if D; and B; are isometric for all ¢ from 1 to s, and

. 1.,Vo . »Wn

for all ¢ < j from 1 to s. (Here U L.Va denotes the wy-orthogonal complement within V;, of a subspace
U C V,.) Pick i from 1 to s. Since e, 1 is orthogonal to V;, and ¢ establishes an isometry between D;
and B;, the first condition is satisfied. So it remains to prove (9).
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To do this, denote C), = (Ep41 \ En)c. Since C), is orthogonal~to Vi, for given iubspaces UcCV,,
W C C, one has (U @ W)tVet1 = gbVe @ WO Hence, if Dy = Dy, ® Wy, By = By, @ W, for
k € {i,j} and some subspaces W;, W; C C,, then

D;n D" = (Dy @ Wi) N (D" @ W) = (D n D) @ (W n ;)

and the similar equality holds for El N EJJ-"V"“. The result follows. O

The following result is an immediate corollary of this theorem. (The definition of a real ind-manifold
in the C*°-category is completely similar to the definition of an ind-variety.)

Corollary 7.4. Let Q be a G°-orbit on FC, and Q, = 1,,;1(Q) C F,,. Then
i) Q, is a single GY -orbit;

ii) Q is an infinite-dimensional real ind-manifold.

PROOF. i) Suppose D, B € Q,,. Then there exists m > n such that images of D and B under the
morphism £, 1 0ty 20 ... 0 L, belong to the same G -orbit. Applying Theorem 7.3 subsequently to

b1, bm—2; - - - Ln, We see that D and B belong to the same G2-orbit.

ii) By definition, = lim €2,,. Next, (i) implies that the orbit Q is a real ind-manifold. By
Theorem 7.1 (v), we have dimg 2, > dim¢ F¢,. Since lim,,_,~ dimc F¢,, = oo, we conclude that
the orbit € is infinite dimensional. O

We can now give a criterion for F¢ to have finitely many of GP-orbits. We define a generalized flag
G to be finite if it consists of finitely many (possibly infinite-dimensional) subspaces. We say that
a generalized flag G has finite type if it consists of finitely many subspaces of V each of which has
either finite dimension or finite codimension in V. A finite type generalized flag is clearly a flag. An
ind-variety F4(G, E) is of finite type if G (equivalently, any G € FU(G, E)) is of finite type.

Proposition 7.5. For G° = SU(o0, 00), SL(00,R) and SL(oco, H), there are finitely many G°-orbits
on FC if and only if FC is of finite type. For G° = SU(p,00), 0 < p < oo, there are finitely many
G -orbits on T if and only if F is finite. For G° = SU(0, 00), the ind-variety ¢ is a single G°-orbit.

PROOF. Consider the case G° = SU(p,00), 0 < p < oo. First suppose that F is finite, i.e.,that
|F| = N < co. Given n > 1, denote S, = {s(4) | A C V,,} and P, = {dimAN B+ | AC B C V,}.
Let s(A) = (a,b,c) for some subspace A of V,,. Then, clearly, a < p and ¢ < p, hence |S,| < p?. On
the other hand, if A C B are subspaces of V,, then A-V» 5 BLV» so AN B+-Y» ¢ An AV~ But
dim AN ALVe = ¢ < p. Thus |P,| < p. Now [Hu, Theorem 6.2] shows that the number of GY-orbits
on F/, is less or equal to N - |S,|- N2 -|P,| < N3p3. Hence, by Theorem 7.3, there are finitely many
GP-orbits on the ind-variety F¢.

Suppose next that F is infinite. In this case, given m > 1, there exists n such that the length of
each flag from F7,, is at least m, the positive index of w|vn (i.e. the dimension of a maximal positive
definite subspace of V},) equals p, and codim v, F,, > p, where F, = {F1 C ... C F},,, C ... C V,,}. It is
easy to check that the number of G2-orbits on F¢, is at least m. Then, by Theorem 7.3, there are at
least m GO-orbits on F¢ or, in other words, there are infinitely many G°-orbits on F¢. The proof for
SU(p, ), p > 0 is complete. For the proof of other cases see [[PW, Proposition 4.1]. O

7.3. Open and closed orbits. In this subsection we provide necessary and sufficient conditions for
a given GC-orbit on F¢ = FU(F, E) to be open or closed. It turns out that, for all real forms except
SU(p, 00), F¢ has both an open and a closed orbit if and only if the number of orbits is finite.
First, consider the case of open orbits. Pick any n. Recall [HW1] that the G2-obit of a flag F,, =
{A; C Ay C ... C Ai} € F4, is open if and only if
for G° = SU(p, o00) or SU(o0, 00): all A’s are nondegenerate with respect to w;
for G = SL(o0, R): for all i, j, dim A; N 7(A;) is minimal,
ie., dimA; N 7(A;) = max{dim A; + dim A; — dim V;,, 0};
for G® = SL(o0, H): for all 4, j, dim A4; N J(A;) is minimal in the above sense.
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Note that, for any two generalized flags F1 and Fy in F¥, there is a canonical identification of F;
and JFs as linearly ordered sets. For a space F' € Fp, we call the image of F' under this identification
the space in Fo corresponding to F.

Fix an antilinear operator pon V. A point G in Flis in geneml position with respect o fi if Fﬂ,u(H)
does not properly contain Fn u(H ) for all F, H € G and all G € F¢, where F, H are the spaces in G
corresponding to F', H respectively. A similar definition can be given for flags in F¢,,. Note that, for
G° = SL(o0, R) or SL(oo, H), the G2-orbit of F,, € F¥, is open if and only if F,, is in general position
with respect to 7 or J respectively.

With the finite-dimensional case in mind, we give the following

Definition 7.6. A generalized flag G is nondegenerate if
for G® = SU(p, 00) or SU (o0, 00):
each F' € G is nondegenerate with respect to w;
for G° = SL(c0, R) or SL(co, H) :

G is in general position with respect to 7 or J respectively.

A nondegenerate generalized flag can be thought of as being “in general position with respect to w”.
Therefore, all conditions in Definition 7.6 are clearly analogous.

For a generalized flag G € J¢, let ng be a fixed positive integer such that G is compatible with a
basis containing E'\ E,;_1 (here we put Ey = &; note also that the definition of ng here slightly differs
from the one in Subsection 2.2).

Proposition 7.7. The G°-orbit Q of G € FC is open if and only if G is nondegenerate.

PROOF. By the definition of the topology on F¢, the orbit Q is open if and only if €, = ¢, (2N
tn(FLy)) is open for each n. Consider the case G° = SU(p,00) or SU(oco,00) (for the proof of other
cases see |[IPW, Proposition 5.3]). To prove the claim in this case, it suffices to show that A € G
is nondegenerate with respect to w if and only if w] Anvy,, is nondegenerate for all n > ng. This is
straightforward. Indeed, if A is degenerate then there exists v € A such that w(v,w) = 0 for all
w € A. Let v € V,,, for some ng > ng. Then W’Amv is degenerate. On the other hand, if v € ANV, is
orthogonal to all w € ANV, for some n > ng, then v is orthogonal to all w € A because e is orthogonal
to V, for e € E'\ E,. The result follows. O

We say that two generalized flags have the same type if there is an automorphism of V' transforming
one into the other. Clearly, two E-commensurable generalized flags have the same type. On the other
hand, it is easy to see that two generalized flags F and JF of the same type do not have to admit a
basis E so that both F and F are E-commensurable.

It turns out that, for G = SU(p, o0) and SU(co, 00), the requirement for the existence of an open
orbit on an ind-variety of the form F¢(F, E') imposes no restriction on the type of the generalized flag F.
More precisely, we have

Corollary 7.8. If G° = SU(p,), 0 < p < oo, then Fl always has an open GO-orbit. If
G° = SU(oo,0) then there exist a basis E of V and a generalized flag F such that F and F are
of the same type and Fl = ?E(&", E) has an open G°-orbit.

PROOF. For SU(p, o0), let n be a positive integer such that the positive index of W‘Vn equals p. Let
Gn € F4,, be a flag in V}, consisting of nondegenerate subspaces (i.e. the G2-orbit of G, is open in F£,,).
Denote by g a linear operator from G, such that g(F,) = G,, where, as above, F,, = 1, 1(F) € FL,.
Then g(F) clearly belongs to F¢ and is nondegenerate. Therefore the G-orbit of g(F) on FC is open.

Now consider the case G® = SU(c0, 00). Let E be an w- -orthogonal basis of V. Fix a bijection £ — E.
This bijection defines an automorphism of V. Denote by 9: the generalized flag consisting of the images
of the subspaces from F under this automorphism. Then F and F are of the same type, and each space
in giis nondegenerate as it is spanned by a subset of E. Thus the GO-orbit of the generalized flag F
on F/ is open. O

38



The situation is different for G = SL(0o,R). While an ind-grassmannian Gr(F, E) has an open
orbit if and only if dim F' < oo or codim y F' < o0, it is easy to check that an ind-variety of the form
F0 = FU(F, E), where F has the same type as the flag F from Example 2.7 ii) or iii), cannot have an
open orbit as long as the basis E satisfies T(e) =¢eforall € € E. For a discussion of the quaternionic
case see [[PW, Section 5.

We now turn our attention to closed orbits. The description of closed orbits is based on the same
idea but (similarly to the case for open orbits) the details differ for the various real forms.

Suppose GV = SU(co, 00) or G° = SU(p, o). We call a generalized flag G in F¢ pseudo-isotropic if
the space FF'N H LV is not properly contained in FnHYY for all F, H € G and all Ge Fl, where
F H are the subspaces in G corresponding to F, H respectively. A similar definition can be given for
flags in F7,,. An isotropic generalized flag is always pseudo-isotropic, but the converse does not hold.
In the particular case when the generalized flag G is of the form {{0} C F C V'}, G is pseudo-isotropic
if and only if the kernel Kerw|p of the form w|p is not properly contained in any kernel Kerw|z for
an E-commensurable flag {{0} € F C V}. Next, suppose G® = SL(c0,R). A gencralized flag G in F¢
is real if 7(F') = F for all F' € G. This condition turns out to be equivalent to the following condition:
F'N7(H) is not properly contained in FNr(H) forall F, H € G and all G € ¢, where F, H are
the subspaces in G corresponding to F, H respectively. Finally, suppose G° = SL(oco, H). We call a
generalized flag G in F¢ pseudo-quaternionic if FNJ(H) is not properly contained in F' N J(H) for all
F, H € G and all Ge F¥, where ﬁ, H are the subspaces in G corresponding to F, H respectively. If G is
quaternionic, i.e., if J(F') = F for each F' € G, then G is clearly pseudo-quaternionic, but the converse
does not hold. If the generalized flag G is of the form {{0} C F' C V}, then G is pseudo-quaternionic
if and only if codim p(F N J(F)) < 1.

Proposition 7.9. The GC-orbit Q of G € FC is closed if and only if
G is pseudo-isotropic for G = SU(00,00) and SU(p, o0);
G is real for G° = SL(o00, R);
G is pseudo-quaternionic for G° = SL (o0, H).

PROOF. First consider the finite-dimensional case, where there is a unique closed G%-orbit on F%,
(see Theorem 7.1). For all real forms the conditions of the proposition applied to finite-dimensional
flags in V;, are easily checked to be closed conditions on points of F¢,,. Therefore, the GO-orbit of a flag
in V,, is closed if and only if this flag satisfies the conditions of the proposition at the finite level.

Let G° = SU(00, o) or SU(p, 00) (for other cases, see [[PW, Proposition 5.6]). Suppose 2 is closed,
so ), is closed for each n > ng. Assume G is not pseudo isotropic. Then there exist g € F¢ and
A, B € G such that AnB+V D AN BV, where A B are the subspaces in G corresponding to A, B
respectlvely Let

ve(ANBYY)\ (AnBHY),
and n > ng be such that v € V,,. Then

v e (A, NBF)\ (A, N BV,

where A, = AﬂVn, Bn = BNV, An = AﬂVn, Bn = BﬁVm because BV NV, = BJ‘V” This
means that A, N BV is properly contained in A, N ByV". Hence Gy, is not pseudo-isotropic, which
contradicts the condition that €,, is closed.

Now, assume that €, is not closed for some n > ng. Then there exist An, B, € Gy = 1,;,1(G) and
gn € F4,, such that A, N BtV is properly contained in A N By'r , where An, B are the subspaces

L ‘/n+1
n+1

njrl"“ where Ap,+1, Bpi1, An+17 Bn+1 are the respective images of

A, By, An, Bn under the embedding F¢,, — F¢, 1. Repeating this procedure we see that G is not
pseudo-isotropic. The result follows. O

in gn corresponding to A,,, By, respectively. Since each e € E,, 1\ E,, is orthogonal to V,,, A,+1NB
is properly contained in An+1 NnB
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Corollary 7.10. If SL(oco,R), then F¢ always has a closed orbit.

PROOF. The G-orbit of the generalized flag F is closed because the condition 7(e) = e is satisfied
for all basis vectors e € E. (]

For G = SU(p, ), 0 < p < o0, G® = SU(co0, ) or SL(oo, H), F¢ may or may not have a closed
orbit.

Combining our results on the existence of open and closed orbits, we now obtain the following
corollary for all other real forms [[PW, Corollary 5.8].

Corollary 7.11. For a given real form G° of G = SLs(C), GY # SU(p, ), 0 < p < 0o, an ind-
variety of generalized flags ¢ = FU(F, E) has both an open and a closed G°-orbits if, and only if, there
are only finitely many GO-orbits on FY.

7.4. Further results. Extending the results of Section 7 to the real forms of the ind-groups SO (C)
and Sp.,(C) is a natural problem. A further natural problem is to study the K-orbits on G/P, where
G = SL(C), SO (C), Sps(C) and K is a symmetric ind-subgroup, i.e. K equals the fixed points of
an involution of G. In the finite-dimensional case, K-orbits and G%-orbits are in Matsuki duality. In
the recent paper [FP2| it was proved that Matsuki duality holds for G = SLy(C), SO (C), Spo(C)
in the case when P = B is a splitting Borel subgroup. This is a first step in the realization of this
program.

The theory of cycle spaces for ind-groups has recently been initiated by J.A. Wolf in [W3] and is
another potential source of open problems.
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